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Representations of Lorentz Group

based on S-33
We defined a unitary operator that implemented a Lorentz transformation
on a scalar field:
UA) " e@)U(A) = (A "2)
and then a derivative transformed as: = A-lg

U(A)™0p(2)U(A) = A 0P (A~ 2)
it suggests, we could define a vector field that would transform as:
U(A)~'A#(z)U(A) = A*,AP(A™ )
and a tensor field B#(z) that would transform as:

U(A)™'B* (z)U(A) = A*,AY ;B (A~ )
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U(A)™*B*(z)U(A) = A*,A, B (A~ z)

for symmetric B®(z) = BY#*(z) and antisymmetric B¥(z) = —BY#(z)

tensors, the symmetry is preserved by Lorentz transformations.

In addition, the trace T'(z) = g,, B*/(z) transforms as a scalar:

Gu oA s = gpo
UMN)T(z)UA) = T(A 1z)

Thus a general tensor field can be written as:
B*(z) = AP (z) + S (z) + 1" T(z)
G SH =0
where different parts do not mix with each other under LT!
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How do we find the smallest (irreducible) representations of the
Lorentz group for a field with = vector indices?

Let’s start with a field carrying a generic Lorentz index:
UA) " pa@U(A) = La®(A)pp(A~"2)

A

LAB(A)YLC(A) = L4C(A'A)

we say these matrices form a representation of the Lorentz group.
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For an infinitesimal transformation we had:

U(14+6w) = I + 20wy M

A#, = 0¥, + dwH,

where the generators of the Lorentz group satisfied:

(M, M) = i (g4 MY — (pewv)) = (pro)

Lie algebra of the Lorentz group

or in components (angular momentum and boost), .
J,,; = %Eijijk

.= M0

we have found: Ki=M
[Ji,Jj] = ihE,;ijk y
[Ji, K| = iheijp Ky

[Ki,Kj] = —ihEiijk
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U(1+6w) = I + 20w, M*

In a similar way, for an infinitesimal transformation we also define:
not necessarily hermitian

Vol
LaP(140w) = 64% + 20w, (") 4"

UA) pa(@)U(A) = LaB(A)pp(A'z)

Aﬁ)mparing linear terms in 5(4)/“,

[pa(@), MM] = L pa(z) + (S*) 4P 0B ()

and we find:

LW = L(zhd” — zvoH)

also it is possible to show that LM and (S¥)a® obey the same
commutation relations as the generators

(M, M%) = i(¢#PM"7 — (o)) = (peo)
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How do we find all possible sets of matrices that satisfy | ?

[, M) = (g M — (pev)) = (peo)
[Ji, Jj] = iheijpdy
[Ji, Kj] = iheyjp Ky
[Ki,Kj] = —ihEiijk
the first one — s just the usual set of commutation relations for angular
momentum in QM:

for given | (0, 1/2, 1,...) we can find three hermitian
matrices J1, J» and J; that satisfy the commutation relations and the
eigenvalues of J3 are -j, s

not related by a unitary transformation

7
such matrices constitute all of the inequivalent, irreducible representations

f the Lie algebra of S
ot the Lie algebra o cannot be made block diagonal

equivalent to the Lie algebra of by a unitary transformation
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Crucial observation: . )
Ni = —2-(J1; - lKi)

[Ji, Jj] e ihe,-ijk s N} = (i +iK;)
[J,th] = ihsiijk , ﬁ

[Ki, K] = —iheypdy

[Ni, Nj| = igyjx Ny
[N}, N1] = iegjaN]
[N, NIl =0.

The Lie algebra of the Lorentz group splits into two different SU(2) Lie
algebras that are related by hermitian conjugation!

A representation of the Lie algebra of the Lorentz group can be specified
by two integers or half-integers:

(2n+1,2n/+1)

there are (2n+1)(2n’+1) different components of a representation
they can be labeled by their angular momentum representations:

since J; = N; + N} for given n and n’ the allowed values of j are

|n—n/|, |In—n'|+1,...,n+n’

(the standard way to add angular momenta , each value appears exactly once)
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The simplest representations of the Lie algebra of the Lorentz group are:

(2n+1,2n'+1)
(1,1) = scalar or singlet
(2, 1) =
(1,2) = right-handed spinor
(2,2) = vector

\ ]ZOandl
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Left- and Right-handed spinor fields

based on S-34
Let’s start with a left-handed spinor field (left-handed Weyl field) 1), (x):

. left-handed spinor index
under Lorentz transformation we have:

U(A) " %a(z)U(A) = Lo"(A)p(A ™ z)

that satisfy the group composition rule:
LoP(A)Ly(A) = Le*(A'A)
For an infinitesimal transformation we have:
L (146w) = 8" + 56w, (SE")"
(SE)a® = =(S7")a”
(St 567) = (g2 St” = (uev)) = (pevo)

A¥, = 0Hy 4 dwHy,
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Using
U(l+6w) = I + 6w, M*

we get U(A) a(2)U(A) = L’ (A)w(A z)

[d}a(z)s MI-W] = ‘C#V'wa(x) + (Sfy)ab"pb(w)

LW = L(ghd” — zvoH)
present also for a scalar field
to simplify the formulas, we can evaluate everything at space-time origin, z# = 0.

and since M4 = €%k J,  we have:
sijk[wa(o)a Jk] = (Slij)ab't/’b(o)

so that for i=1 and j=2: i b 1 ik
— 2
(812), = Lel?*gy, = log (SL )a. =3¢ J Ok

(St =+3, (5127 = -3 01 0 —i 10
(8120% = (512" =0 n=(10) »=(17) ==( %)
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Once we set the representation matrices for the angular momentum
operator, those for boosts Kx = M*0 follow from:
N; = %(J, —1iK;)

]VZT = %(J, —l—iKi)

Jp = Ny + N}
Ky, = i(Ny — N})

N,I do not contribute when acting on a field in (2,1) representation and so
the representation matrices for Kj, are i times those for Jj, :

(S5 Lig, =i
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Let’s consider now a hermitian conjugate of a left-handed spinor field ¥a ()
(a hermitian conjugate of a (2,1) field should be a field in the (1,2)
representation) = right-handed spinor field (right-handed Wey! field)

a(z)]t = ¥} (2)

under Lorentz transformation we have:

UA) Wl (@)U(A) = R (A)v] (A z)

that satisfy the group composition rule:
R;* (AR, (A) = RS(A'A)
For an infinitesimal transformation we have:

RiP(146w) = 6,2 + 16w, (S8)4b

(SE)ab = —(S¥M)ab
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[Wa(z), MM = L4 (2) + (SE")a"¥s(2)
in the same way as for the left-handed field we find:
[4(0), M*] = (SK")a"; (0)

taking the hermitian conjugate,

(MM, 452(0)] = [(S5)a’]45(0)

we find:

(SE)ab = —[(S#),2*

180

Let’s consider now a field that carries two (2,1) indices.
Under Lorentz transformation we have:

U(A) ' Cap(2)U(A) = Lo°(A) Ly*(A)Ceg(A ')
Can we group 4 components of C into smaller sets that do not mix under
Lorentz transformation?

Recall from QM that two spin /2 particles can be in a state of total spin 0
or I:

202=1483g

Thus for the Lorentz group we have:
2,1D)e(21)=>01)a831)s
and we should be able to write:

Cab(w) = eabD(x) + Gab(m)

Eab = —€ba
Gab(w) = Gba(z)
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Cab(w) = eabD(x) + Gab(m)

Eab = —E€ba

€91 = —€12 = +1

U(A) 1Cu(z)U(A) = Lo®(A) L (A)Cea(A 2 z)

Lac(A)Lbd (A)Ecd = Eab

W

AupAuagpcr = 9w

(does not change under a Lorentz
transformation that acts on all of its indices)

We can use it, and its inverse to raise and lower left-handed spinor indices:

12 21 b

ef=en=+1, e =enn=-1 Eabebc =0, e¥pe = 0%

to raise and lower left-handed spinor indices:
— .ab
Vi(z) = ey (z)
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be c ab a
EabE =6a s € 6.bc:éc

¥%(z) = e%hy(2)
We also have:
Yo = Eabwb = Eabsbc";bc = 0a“Yec

we have to be careful with the minus sign, e.g.:

Y = ey = —"p = —hye™ = e
or when contracting indices:

YiXe = Eab"pra = —Sba'ﬁbea = —%Xb

Exactly the same discussion applies to two (1,2) indices:
(1’2) ® (1’2) = (la DA ® (1:3)5

with edb defined in the same way as €4} : €ui = —E€phg *
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Finally, let’s consider a field that carries and index;
it is in the (2,2) representation (vector):

Aua(x) = 05 Au(2)

more natural way

it is an invariant symbol, to write a vector field

we can deduce its existence from
2,)®((L,2)®((2,2)=(L1)e....

A consistent choice with what we have already set for ¥ and Sﬁ‘" is:

ng = (Ia 5)

homework
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In general, whenever the product of a set of representations includes the
singlet, there is a corresponding invariant symbol,

e.g. the existence of guv = guu follows from

(2,2)®(2,2)=(1,1)s®e(1,3)ac (3,1)a & (3,3)s

another invariant symbol we will use is completely antisymmetric Levi-
Civita symbol: (2,2)©(2,2)©(2,2)®((2,2) =(1,1)46...

ghvpo
0123 — 11

AP, A gAP A% 5P s antisymmetric on exchange of any two of its uncontracted
indices, and therefore must be proportional to €*¥P?  the constant of
proportionality is det A which is +1 for proper Lorentz transformations.
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Comparing the formula for a general field with two vector indices

B (z) = A*(z) + S* (z) + ;9" T (z)
g,uusuu = 0
with
(2,2)®(2,2) =(1,1)s®(1,3)Aa® (3,1)a & (3,3)s

we see that A is not irreducible and, since (3,1) corresponds to a
symmetric part of undotted indices, 202 =146 3s

Cab(x) = EabD(x) + Gab(x)
we should be able to write it in terms of G and its hermitian conjugate.

see Srednicki
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Fun with spinor indices
based on S-35

invariant symbol for raising and lowering spinor indices:

¥ (z) = %y ()

e2=¢2=¢gy = €51 = +1, el =gl =gy = gy = —1

e® = —ggp = ioy

another invariant symbol:

— (1,5) Aaa(®) = 01 Au(@)
0m () (05 = %)
Simple identities:
aé‘da#bb = —2€4p€,,
proportionality constants
abEabO'u 0_ _9 Ny from direct calculation

aq bb
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What can we learn about the generator matrices (St”).” from invariant
symbols?

O from  €ap = L(A)o°L(A)y%ecq

for an infinitesimal transformation we had:
AH, = 6*, + dwH,

L (146w) = 6,° + £6w,, (SE),°

and we find:

Eab = Eab + %&Uuu [ (Sﬁu)acecb + (Sfu)bdsad] + O(6w2)

= ab+ 50wy [ —(SE")ab + (S )ba | + O(8?) .

\ (S )ab = (£ )ba

similarly:
(S2)as = (S8 )sa
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O from o8, =A? L(A)abR(A)a

for infinitesimal transformations we had:
_ (8)p, = L(ghod¥, — g*05t,)
Apr = JPT + %6“)11.1/(5\‘:”)‘07' )

Lb(1+0w) = 8a° + §0w,u (S)a°
Rab(146w) = 8:° + £6w,u (SE)a?
isolating linear terms in dwy, we have:

(g"0" — g"Pd" 1 )ogs + i(sfu)ababa (Sﬁy)a ok =0

multiplying by Opce we have:

ohaty — oot +(SH) o 0l pee +1(Sh )&i’agg,apcc- =0

m

Uadaubl‘) =

—2€45Ej,

ot.ol, —obot. + 2i(SE ) ac€ac + 2i(SE” )ac€ac = 0
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Jgéaz - accaaa + 22(S#V)ac€ac + 21’(5 )aésac =0

multiplying by €% we get:

e%qe = —2

(Sw)ac = ‘EGC(U

%¢(SR )ac = 0
—opga0th)
similarly, multiplying by €% we get:

(SK")ae = 46" (04a0¢: — 02aT%:)

9 . | N -‘
e gHae = gabgabgit 0oy = (I,5)
- bb

—paa __ o
FHee — (1 _g
we find ( | )
(sw)a = +i(ok” — 0"5")d
¢ (S,’{V)a — —4_@'“0 5 0'/”‘)“
c

c consistent with our previous choice! (homework)
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Convention:

missing pair of contracted indices is understood to be written as:

C C

C C

thus, for left-handed Weyl fields we have:

x¥=x%. and x'pt=xlyfd

t anticommute:
the spin-statistics theorem (later)

Xa(T)

spin 1/2 particles are fermions

o(@)Vs(y) = —p

and we find:

X_¢= Xa"»ba = _¢axa =\ ¢aXa ="/)_X

a a
a a
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X% =x%, and x'yl = xlyi

t anticommute:
the spin-statistics theorem (later)

Xa(T)

spin 1/2 particles are fermions

a(x)"/)b (y) = -9

and we find:

XY = X"%a = —Yax" 3 VX = VX

a a
a a

for hermitian conjugate we find:

(x¥)t = (o)t = @a) ()t = Pixte = wixt

as expected if we ignored indices

and similarly:

we will write a right-handed field always with a dagger!
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Let’s look at something more complicated:

Ylaky = gloriex,

it behaves like a vector field under Lorentz transformations:

UA) e xX]U(A) = A%, [¥15"x]

the hermitian conjugate is:
wlox]" = whatx]'
— Xf‘; (a,p.aé)*,(pa

/ = XI: 6uéa,¢a

a# = (I,—&) is hermitian = Xfa'“'(,b .

evaluated at A~ 1z
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