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Neutrons scattered or reﬂected from a diffraction grating are subject to a
periodic potential analogous to the potential experienced by electrons within a
crystal. Hence, the wavefunction of the neutrons can be expanded in terms of
Bloch waves and a dynamical theory can be applied to interpret the scattering
phenomenon. In this paper, a dynamical theory is used to calculate the results of
neutron spin-echo resolved grazing-incidence scattering (SERGIS) from a
silicon diffraction grating with a rectangular proﬁle. The calculations are
compared with SERGIS measurements made on the same grating at two
neutron sources: a pulsed source and a continuous wave source. In both cases,
the spin-echo polarization, studied as a function of the spin-echo length, peaks at
integer multiples of the grating period but there are some differences between
the two sets of data. The dynamical theory explains the differences and gives a
good account of both sets of results.

1. Introduction
Diffraction gratings have been used as samples for many
radiation scattering experiments both to characterize their
surfaces as well as to test new measurement techniques and
schemes for calculating reﬂection and transmission properties.
Early uses of gratings for these purposes were associated with
the development of optical scattering techniques and of
mathematical models to describe the behavior of electric and
magnetic ﬁelds near conducting surfaces (Maystre & Petit,
1972; Neviere et al., 1974). More recently, gratings have also
served as standardized samples for more advanced probing
techniques based on X-ray, electron and neutron scattering, in
which the penetrating properties of the radiation and the
interaction with the sample require more complicated scattering theories. With the enhancement of laser-based fabrication techniques over the past 20 years, good-quality gratings
with various proﬁles and periods of 100 nm and greater have
become readily available for such tests. In this paper we
describe the use of a diffraction grating to test spin-echo
resolved grazing-incidence scattering (SERGIS), a technique
that is being developed at several neutron scattering centers
(Felcher et al., 2002; Bouwman et al., 2005) to increase both the
J. Appl. Cryst. (2010). 43, 455–465

sensitivity and the accessible length scales probed by grazingincidence neutron reﬂection.
SERGIS is an interferometric neutron scattering technique
that makes use of neutron spin-echo coding along with the
grazing-incidence scattering geometry to probe in-plane
structures in thin ﬁlms over a length scale that can extend from
a few nanometres to a few micrometres. The upper end of this
range is generally inaccessible to conventional grazing-incidence small-angle neutron scattering (GISANS) techniques
because of neutron beam intensity limitations, although
structures with length scales from 1 to 50 mm often give rise to
diffuse scattering within the specular reﬂection plane and can
be studied in this way. Unlike GISANS, which requires tight
collimation of the neutron beam to achieve high in-plane
wavevector transfer (q) resolution, SERGIS uses the neutron
spin to encode, with high resolution, an in-plane component of
the neutron wavevector transfer without requiring strong
beam collimation and concomitant loss of signal intensity
(Felcher et al., 2002). Moreover, making use of the traditional
advantages of neutron reﬂectometry, such as contrast
enhancement and measurement of depth-dependent ﬁlm
structures, SERGIS can be used for structural characterization
of patterned samples even when the buried morphology does
doi:10.1107/S0021889810010642
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not extend to the free surface of the sample. In other simpler
systems, it can be used as an effective complement to the
traditional real-space techniques such as atomic force microscopy and scanning electron microscopy (SEM) in probing
surfaces and providing a statistical average of the surface
structure over a large area.
We used SERGIS to examine a bare silicon diffraction
grating of period d = 140 nm, groove depth t = 65 nm and
ﬁlling factor f = 1/2 obtained from LightSmyth Technologies
(OR, USA)1 (Fig. 1). Grazing-incidence reﬂection experiments were performed both at the Los Alamos Neutron
Scattering Center (LANSCE) pulsed neutron source and at
the NIST Center of Neutron Research (NCNR) reactor
neutron source. The measured spin-echo polarization, which is
determined by the grating structure, has several expected
features such as peaks at integer multiples of the grating
period, but the detailed results obtained at the two sources are
different. In an attempt to understand the difference between
the two sets of data, we have developed a dynamical theory
based on Bloch wave expansion and used it to calculate the
reﬂectivity from the grating and the resulting spin-echo
polarization.
Several methods have been used in the past to calculate
specular and diffuse neutron reﬂection from structured
surfaces. In particular, the distorted wave Born approximation
(DWBA) has been found to give a good account of diffuse
neutron reﬂection from rough surfaces under certain conditions (Sinha et al., 1988) and the phase-object approximation,
originally developed to describe high-energy electron scattering, has also been used to describe both neutron reﬂection
and transmission by gratings (de Haan et al., 2007). In the case
of the DWBA, one ﬁrst calculates the solution of an idealized
problem in which the physical structure of the reﬂecting
surface is laterally averaged in some way. This ideal problem
may comprise a single surface at the average height of the
surface features or, in the case of a grating, may consist of a
homogeneous layer atop a substrate. The DWBA is instructive
in providing a sense of the scattering we might expect, because
the approximation provides a clear, physically appealing result
(Sinha et al., 1988; Pynn, 1992), namely that the total scattering
is given by the Fourier transform of the height–height correlation function of the grating surface times some optical
coefﬁcients that can be expressed in terms of the Fresnel
reﬂectivity for an ideal system. Since SERGIS measures the
cosine Fourier transform of the neutron scattering cross
section (Major et al., 2009; Krouglov et al., 2003; Rekveldt et
al., 2005), the DWBA result implies that we should measure a
signal that resembles the height autocorrelation function of
the grating, provided the optical coefﬁcients do not introduce
a distortion. In particular, this model implies that we should
detect peaks in the measured spin-echo polarization at integer

multiples of the grating period which is, indeed, what we see
(x4).
The phase-object approximation (POA) is a method ﬁrst
used in describing electron diffraction (Cowley & Moodie,
1957, 1959), which attempts to add multiple scattering effects
to the simple kinematic (ﬁrst-order Born) approximation by
calculating the phase to be associated with each incident
particle as that accumulated along its classical path. It is valid
provided the particles are only scattered through very small
angles (Jap & Glaeser, 1978). The POA has been applied to
several cases of electron scattering, and it has been shown that
the validity of this approximation is determined by the object
thickness and the electron wavelength and that it breaks down
for relatively thick samples. The limits of this approximation in
neutron scattering have not been established clearly yet but it
has given good ﬁts to spin-echo small-angle neutron scattering
data obtained in transmission experiments with diffraction
gratings (de Haan et al., 2007). It has also been used to explain
the general features of the spin-echo polarization resulting
from neutron reﬂection from sinusoidal gratings, although the
calculations required adjustment of the grating period and
groove depth (Plomp, 2009; Plomp et al., 2007) to obtain
adequate ﬁts to experimental data. When neutrons are incident perpendicular to the surface of a diffraction grating, the
maximum phase difference between waves propagating
through ridges and valleys of the grating is t ( is the
scattering length density of the grating material,  is the
neutron wavelength and t is the depth of the grating features).
This phase difference is roughly 1 milliradian for our grating in
the transmission mode, but in reﬂection experiments the phase
difference between waves reﬂected from the ridges and the
grooves is 2.5 radians for our grating when the incident
angle is close to the silicon critical angle. This large phase shift
leads one to wonder whether the phase-object approximation
holds in this case. In addition, in the reﬂection geometry the
incident waves may be substantially distorted. For example,
the grooves of the grating may act as waveguides for neutrons,
so that waves with very large effective wavelength (i.e. those

Figure 1
1

Certain commercial equipment, instruments or materials (or suppliers or
software etc.) are identiﬁed in this paper to foster understanding. Such
identiﬁcation does not imply recommendation or endorsement by the
National Institute of Standards and Technology, nor does it imply that the
materials or equipment identiﬁed are necessarily the best available for the
purpose.
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SEM image of the grating (as provided by LightSmyth Technologies)
indicating a rectangular proﬁle of the grating with a period of 140 nm, a
groove depth of 65 nm and a ﬁlling factor f = 1/2. The x axis is chosen
along the lines of the grating, the y axis is perpendicular to the lines and
parallel to the surface, and the z axis is perpendicular to the average
surface.
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with very small wavevector components perpendicular to the
average grating surface) may be unable to penetrate to the
bottom of the grooves, rendering the classical-path approach
suspect.
Dynamical theories based on Bloch wave expansion have
been successfully applied to explain electron, X-ray and
neutron reﬂection from diffraction gratings (Berrouane et al.,
1992; Humphreys, 1979; Ott et al., 2001). Such theories
acknowledge that multiple scattering results from the strong
interaction between the incident beam and the scattering
sample rendering the kinematic approximation an inadequate
method for quantitative analysis. The dynamical theory was
ﬁrst developed to treat the scattering of electrons from crystals
with periodic potential (Bethe, 1928). As in that case, the
wavefunction of neutrons interacting with a grating can be
expressed using a superposition of Bloch waves, and the
amplitudes of the reﬂected and transmitted waves can be
found by imposing the usual continuity conditions on the
wavefunction and its derivatives at the layer boundaries.
Gratings whose features are not rectangular (e.g. trapezoidal,
triangular or sinusoidal) must be treated using a multi-slice
dynamical approximation which requires dividing the system
into many thin layers, each with a periodic rectangular-shaped
scattering potential, and applying boundary conditions at the
interfaces of all adjacent layers (Ott et al., 2001). This method
of dividing an arbitrary proﬁle into many thin slices of well
deﬁned geometry is similar to the Parratt formalism (Parratt,
1954) that is widely used in the interpretation of X-ray and
neutron measurements of specular reﬂectivity (Zabel, 1994;
Vogt et al., 2005; Hu et al., 2005). Despite the complication of
dynamical calculations on gratings with nonrectangular
proﬁles, such gratings have been used for test experiments in
the past mainly because sinusoidal or ruled gratings were the
only ones available until relatively recently. With the development of laser-based fabrication techniques, different
geometric proﬁles of gratings have become available. The
simplest is the rectangular grating that we consider here.
In x2, the dynamical theory is used to obtain an expansion
of the neutron wavefunctions above, below and within the
grating. In the latter region, Bloch waves are used in the

expansion. Applying the conventional boundary conditions on
the wavefunction and its derivative allows an evaluation of the
reﬂection and transmission amplitudes. These quantities
determine the outcomes of the spin-echo polarization of a
SERGIS experiment. In x3, we describe the SERGIS experimental setup. Experimental results obtained at continuous
wave and pulsed neutron sources with the same grating are
then compared in x4 with the dynamical theory calculations.

2. Dynamical theory
The interaction potential between neutrons and matter, VðrÞ,
is proportional to the coherent scattering length density ðrÞ:
VðrÞ ¼

-2
2h
ðrÞ;
M

ð1Þ

where h- is the Planck constant and M is the mass of the
neutron. Hence, neutrons whose wavevector in vacuum is k0
[i.e. which have kinetic energy E0 ¼ ðh- 2 k20 Þ=2M] are described
by a wavefunction, ðrÞ, that obeys the Schrödinger equation:
r2 ðrÞ þ ½k20  4ðrÞ ðrÞ ¼ 0:

ð2Þ

The experiment we consider here is one in which neutrons are
incident on a diffraction grating at grazing incidence
(described by ) along a direction (described by ’) that is
almost parallel to the rulings of the grating, as depicted in
Figs. 2 and 3.
Figs. 1–3 deﬁne our coordinate system and show different
projections of the diffraction process. Using the z axis as the
polar axis of a spherical system and measuring the azimuthal
angle from the xz plane, the incident wavevector is expressed
as k0 ¼ ðk0x ; k0y ; k0z Þ with
k0x ¼ k0 sinð=2  Þ cos ’ ’ k0 ;
k0y ¼ k0 sinð=2  Þ sin ’ ’ k0 ’;

ð3Þ

k0z ¼ k0 cosð=2  Þ ¼ k0 sin  ’ k0 ;
where k0 = 2 /,  is the neutron’s wavelength in vacuum and
 is the incident angle with respect to the surface plane, which
is a small angle in the case of grazing-incidence scattering

Figure 2

Figure 3

Projection of the incident and reﬂected neutron wavevectors on the xz
plane (cf. Fig. 1) showing the neutron beam incident on the grating at a
grazing angle  with respect to the surface. Reﬂected beams of different
diffraction orders, m, propagate away at different angles. The m = 0 wave
corresponds to specular reﬂection.

Projection, on the xy plane (cf. Fig. 1), of the incident and reﬂected
neutron wavevectors. Owing to non-perfect alignment or beam
divergence, neutrons are incident on the walls of the grating at an angle
’, and scatter in different directions depending on their diffraction order,
m.

J. Appl. Cryst. (2010). 43, 455–465
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(Fig. 2). Even though neutrons are incident almost parallel to
the lines of the grating (designated as the x axis in Fig. 1), our
neutron beam has a ﬁnite divergence so we need to account
for incident neutrons that make a nonzero angle ’ with the x
axis in the xy plane (Fig. 3). However, both  and ’ are a
fraction of a degree in our experiments, which validates the
approximations in equation (3). Note that the orientation of
the coordinate axes does not depend on the direction of the
incident beam. Besides, it should be mentioned that the tight
beam collimation that we use in our experiments does not
contradict the fact that SERGIS measurements can be made
with loose beam collimation without any loss of resolution on
the y component of the wavevector transfer, as discussed
before.
To solve equation (2), we divide our system based on the
scattering potential distribution into three layers: air with zero
potential; a modulated air–silicon layer with a periodic
potential in the region of the grating features; and a bulk
silicon substrate with a constant scattering potential, such that
air :

0 < z;

ðrÞ ¼ 0;

ð4aÞ

mod : t < z< 0;

ðrÞ ¼ mod ðyÞ ¼ mod ðy þ dÞ;

ð4bÞ

sub :

ðrÞ ¼ silicon :

ð4cÞ

z <  t;

Since the Hamiltonian of equation (2) is separable, the
eigenstates of equation (2) can be expressed as a product of
three eigenstates for the one-dimensional motion in x, y or z.
In air and the substrate, the full eigenstates are simply threedimensional plane waves, which we shall refer to as beams. In
the modulated layer, the variation of the potential along the y
axis implies that the eigenstates for the y motion are onedimensional Bloch waves, which may be written as
P
ð5Þ
n ð yÞ ¼ expðik0y yÞ bn;m expðimgyÞ
m

where g ¼ 2=d is the smallest reciprocal-lattice vector of the
grating proﬁle and bn;m are Bloch wave coefﬁcients to be
determined later. The associated eigenvalues, En,y, satisfy the
one-dimensional Schrödinger equation


d2
2M
 2 þ 4mod ðyÞ n ðyÞ ¼ - 2 En;y n ðyÞ:
ð6Þ
dy
h
To calculate En;y and bn;m it is convenient to expand the
scattering length density in terms of its Fourier components
such that
P
mod ðyÞ ¼ mod
expðilgyÞ:
ð7Þ
l

mod
l

where f is the ﬁlling factor and silicon = 2.06  10
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4

2

Zd=2
dy expðilgyÞmod ðyÞ ¼
d=2

silicon
sinðflÞ
l

ð9Þ

with mod
¼ f silicon . In the case of a grating with a rectangular
0
proﬁle, which we consider here, the ﬁlling factor is independent of z. Our experiments were performed on a grating with
f = 1/2, which makes all the even Fourier coefﬁcients, other
than mod
0 , vanish, but the theory applies equally well to other
ﬁlling factors. For grating proﬁles with tilted or curved walls
such as triangular or sinusoidal proﬁles, the system has to be
divided into thin slices within which the approximation of
vertical wall boundaries is valid. The scattering length density
has the same periodicity within all slices but the ﬁlling factor
changes from one slice to the next, yielding different Fourier
, in each slice.
coefﬁcients, mod
l
With the above deﬁnitions, substituting the wavefunction,
n ðyÞ, and the Fourier expanded scattering length density in
equation (6) leads to the secular equations


X

2
2M

E
mod
k0y þ mg þ4mod
0
mp bn;m ¼ 0:
-h2 n;y bn;m þ 4
p6¼m
ð10Þ
The index m varies between m0 and m0, where m0 is an
integer that deﬁnes the level at which the calculation is truncated. There will be (2m0 + 1) different eigensolutions and
hence (2m0 + 1) different values of n, the index which labels
both eigenvalues and eigenstates.
Based on the above discussion we can now build the total
neutron wavefunction for our scattering problem. Since the
grating is translationally invariant in the x direction, scattering
from the grating will not change the x component of the
neutron wavevector and we can limit our calculations to the yz
plane. The y periodicity of the potential in the modulated layer
determines the possible y components of the wavevectors both
in air and in the substrate. Speciﬁcally, this periodicity implies
that the y component of the wavevector transfer is quantized,
i.e. is an integer multiple of g. In air, we will have an incident
beam and a collection of reﬂected beams, while in the
substrate only transmitted beams are possible, assuming that
the substrate is inﬁnitely thick so there are no reﬂected beams
within it. In the modulated layer, we must allow for neutron
beams moving in both ^z directions. With these constraints,
the neutron wavefunctions in the different layers of the
grating are expressed as
P
R0;m expðip0;m zÞ expðimgyÞ
air ¼ expðik0z zÞ expðik0y yÞ þ
m

ð11aÞ

 expðik0y yÞ;

l

For the rectangular grating proﬁle that we consider here, the
scattering length density in the modulated layer depends only
on y such that
 

mod ðyÞ
1;  y < fd=2;
 
¼
ð8Þ
0; fd=2 <  y < d=2;
silicon

1
¼
d

mod

¼

P

fR1;n exp½ip1;n ðz þ tÞ þ T1;n expðip1;n zÞgbn;m

n;m

 expðimgyÞ expðik0y yÞ;
sub

¼

P

nm . Thus

Dynamical theory calculations
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T2;m exp½ip2;m ðz þ tÞ expðimgyÞ expðik0y yÞ: ð11cÞ

m
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The coefﬁcients R and T in equations (11a), (11b) and (11c)
are the reﬂection and transmission amplitudes that describe
beams propagating (or decaying) along ^z, respectively. We
represent the z component of the neutron wavevector by p0;m
in air, p1;n in the modulated layer and p2;m in the substrate. The
conservation of energy condition speciﬁes the p parameters to
be
p0;m ¼ ½k20y þ k20z  ðk0y þ mgÞ2 1=2 ;

2M
p1;n ¼ k20y þ k20z  - 2 En;y
h

ð12aÞ

1=2

P

p1;n ½R1;n  T1;n expðip1;n tÞbn;m expðimgyÞ

n;m

¼

P

p2;m T2;m expðimgyÞ:

ð13dÞ

m

Equations (13a), (13b), (13c) and (13d) have to be solved so
that the total y dependence summed over all of the bands is
the same on both sides of a given equation. Under this
condition, the R and T parameters are the solutions of the
following equations:
P
ð14aÞ
0;m þ R0;m ¼ ½R1;n expðip1;n tÞ þ T1;n bn;m ;
n

;

ð12bÞ

P

k0z 0;m þ p0;m R0;m ¼

p1;n ½R1;n expðip1;n tÞ  T1;n bn;m ;

n

p2;m ¼ ½k20y þ k20z  ðk0y þ mgÞ2  4silicon 1=2 :

We choose the p parameters to be either positive real or
positive imaginary when their squares are either positive or
negative, respectively. In writing the expressions of the
neutron wavefunctions in equations (11a), (11b) and (11c), we
have inserted a (+) or () depending on the direction of z
motion that we wish to describe. With these choices we avoid
the unphysical situation of waves growing exponentially as
they move away from the grating in air and in the substrate.
The exponentials in z in equations (11a), (11b) and (11c) have
magnitudes less than unity for any value of z within the
corresponding region. In equation (11b), it is very important
to distinguish between n which stands for the band index (i.e.
labels a particular eigensolution) and m, the plane wave index.
The term ‘band index’ is used because each z component, p1;n ,
of the neutron wavevector corresponds to an independent
eigenstate, n , of the Schrödinger equation (6) (Ashcroft &
Mermin, 1976). Since each Bloch wave in the modulated layer
is a sum of plane waves [i.e. a sum of terms in expðimgyÞ], we
restrict the sums over beams in air and the substrate to include
the same plane waves.
To obtain a complete expression of the neutron wavefunction we have to ﬁnd the amplitudes R and T in each of the
layers. These are calculated by applying the condition of
continuity of the wavefunction and its z derivative at the air/
modulated-layer interface (z ¼ 0) and at the modulated-layer/
substrate interface (z ¼ t). These requirements yield four
sets of equations:
P
P
1 þ R0;m expðimgyÞ ¼ ½R1;n expðip1;n tÞ þ T1;n 
m

n;m

 bn;m expðimgyÞ;
k0z þ

P

p0;m R0;m expðimgyÞ ¼

m

P

ð13aÞ

p1;n ½R1;n expðip1;n tÞ  T1;n 

n;m

 bn;m expðimgyÞ;
P

ð13bÞ

½R1;n þ T1;n expðip1;n tÞbn;m expðimgyÞ

n;m

¼

P

T2;m expðimgyÞ;

m
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ð14bÞ

ð12cÞ

ð13cÞ

P

½R1;n þ T1;n expðip1;n tÞbn;m ¼ T2;m ;

ð14cÞ

n

P

p1;n ½R1;n  T1;n expðip1;n tÞbn;m ¼ p2;m T2;m :

ð14dÞ

n

It should be noted that the exponential term, expðip1;n tÞ, that
appears in equations (14a), (14b), (14c) and (14d) always has,
by our sign choices, a magnitude less than unity, which helps
avoid numerical instabilities. For an approximation in which
jmj < m0 , which we refer to as a (2m0 + 1) beam approximation, there are a total of 4(2m0 + 1) equations for the (2m0 + 1)
values for each of the four reﬂection and transmission
amplitudes. Our aim is to calculate the reﬂection and transmission coefﬁcients for each ‘allowed’ beam. Beams are
disallowed if their associated p0,m or p2,m are imaginary.
Although we keep all (2m0 + 1) beams in the boundary
condition calculation, only those with real wavevector z
components, propagating away from the grating, contribute to
the reﬂectivities and transmissivities deﬁned, respectively, by
(Pendry, 1974)
2
p 
ð15aÞ
<m ¼ 0;m R0;m  ;
k0z
=m ¼

2
p2;m 
T2;m  :
k0z

ð15bÞ

They obey the conservation of ﬂux condition (Schaich, 1978)
1¼


P
m

<m þ


P

=m ;

ð16Þ

m

which is an exact result for wavefunctions of the form given by
equations (11a), (11b) and (11c). Here the () sign on the sum
is a reminder to include only ‘allowed’ beams. Equation (16)
allows us to interpret <m and =m as probabilities describing
the emerging diffracted and transmitted beams, respectively.
In Fig. 4, we plot in an extended zone scheme the band
structure associated with the y motion of the neutron within
the grating. To simplify the presentation we use dimensionless
quantities: the wavevector k0y scaled by g=2 ¼ =d and the
energy En,y of equation (6) scaled by the energy,
ðh- 2 =2MÞðg=2Þ2 , of a free neutron with wavevector g/2. Band
gaps appear at integer multiples of 2k0y/g and they get smaller
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as k0y increases. To even produce these gaps for large k0y we
need to increase m0 sufﬁciently to include the plane waves
with wavevectors k0y  m0 g ’ k0y in equation (11b). The
splitting of the near degeneracy of any two such states, with
comparable magnitudes of the wavevectors, is responsible for
the appearance of the gaps. The scaled value of the potential
of bulk silicon is
2h- 2 
=M
vsilicon ¼ - 2 silicon
¼ 4silicon d2 = ﬃ 5:14:
2
h ðg=2Þ =2M

ð17Þ

Using equation (9), one expects in the simplest perturbation
theory (Ashcroft & Mermin, 1976) a gap at the ﬁrst zone
boundary of v1 ¼ 2vsilicon = ¼ 3:27, while the exact numerical
calculation using the theory we have outlined yields a scaled
energy of 3.06 for the ﬁrst gap.
Since the lowest band in Fig. 4 is so ﬂat, a tight-binding
model (Ashcroft & Mermin, 1976) might be a relevant
approximation. Indeed, if we look for bound states of a
neutron in an isolated groove in silicon of width fd = 70 nm
and depth t = 65 nm, we ﬁnd one (even parity) bound state and
its scaled energy is 1.57, which is within the energies of the
lowest band in Fig. 4. Thus, at small values of k0y (i.e. small
values of ’), the neutron wavefunction, in the modulated
region, should be a coherent sum of bound-state eigenfunctions. We show in Fig. 5 that the neutron wavefunction at ’ =
0 has peaks within the grooves of the grating. In Fig. 6, a
comparison of the density proﬁles of the neutron wavefunction across the grooves, calculated by the dynamical theory
and by the tight-binding model, indicates that the latter gives a
reasonable picture of the neutron behavior in the grooves. It
should be mentioned that the single-bound-state picture will
only be relevant if the separation between the grooves is wide
enough to prevent signiﬁcant tunneling between neighboring
grooves. Of course, the full dynamical theory can account for

such effects. It is also worth noting that the squared wavefunction is ampliﬁed, within the grooves, by more than an
order of magnitude with respect to the incident beam (plane
wave with unit modulus), for the parameters used in Fig. 6, and
even larger increases may be possible for different conﬁgurations. The fact that the wavefunction peaks in the grating
channels indicates that the channels can act as waveguides for
neutrons, an effect similar to the guiding of neutrons through
thin layers that has been observed in the past (Feng et al., 1994).
To understand the scattering process it is instructive to
study the behavior of the reﬂectivities as a function of the tilt

Figure 5

Plot of the modulus squared of the neutron wavefunction (with  =
0.5 nm) in the different layers of the grating at a grazing angle  = 0.2 in
the case of perfect alignment of the grating with the neutron beam, i.e. ’ =
0 . The wavefunction peaks in the grooves of the grating located in the
regions 105 < y < 35 and 35 < y < 105 in the modulated layer which lies
between z = 0 nm and z = 65 nm. This behavior of the wavefunction
indicates the possibility of guiding neutrons along the grooves.

Figure 4
Extended zone scheme representation of the band structure of neutrons
(with  = 0.5 nm and  = 0.2 ) scattered by a grating (with d = 140 nm, f =
0.5 and t = 65 nm) (solid lines). There are band gaps at zone boundaries at
integer multiples of 2k0y/g. The band gap is large at the ﬁrst zone
boundary and gets smaller as k0y increases. The dashed line represents the
scaled kinetic energy, Eav, of a neutron moving in a homogeneous medium
with an average scattering length density silicon/2. At large k0y, the Bloch
energy is well approximated by Eav.
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Figure 6

Plot of the modulus squared of the neutron wavefunction at z = 45 nm
(for  = 0.5 nm and  = 0.2 ) as calculated by the dynamical theory
(dashed line) for ’ = 0 , and by the tight-binding approximation (solid
line) across an isolated groove in the grating located in the region 35 < y <
105. The dynamical theory result is normalized to unit modulus of the
incident beam while the bound-state wavefunction is scaled to match the
maximum density of the dynamical theory wavefunction.
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angle ’, or the wavevector k0y related by equation (3). In Fig. 7,
we plot the allowed reﬂectivities <m.
An Ewald construction provides a pictorial representation
of the energy and momentum constraints on the scattering
process. For elastic scattering, the wavevectors of the incident
and the reﬂected waves, all of the same magnitude because of
energy conservation, are drawn as radii of the Ewald circle.
Owing to momentum conservation, scattering is allowed only
if the tip of the scattered wavevector lies on one of the Bragg
rods, which are the vertical dashed lines in Fig. 8. These Bragg
rods are equally spaced by g and indexed by m with the tip of
the incident wavevector touching the m = 0 rod. The sign of
the z component of the scattered wavevectors must be
opposite to that of the incident wavevector. The number of
Bragg rods that intersect the energy-conserving circle determines the number of allowed beams. In a typical case of a
neutron of wavelength 0.5 nm, incident on the grating at a
grazing angle  = 0.2 and in perfect alignment with the
grooves, i.e. ’ = 0 or k0y = 0, the radius of the Ewald circle is
k0z < g for our 140 nm-period grating so only specular
reﬂection is allowed (Fig. 8a). As k0y increases, the Ewald
circle increases in radius and intersects more Bragg rods,
allowing further beams with m < 0 to ‘turn on’ while keeping
beams with m > 0 forbidden (Fig. 8b). For our experiments,
only a few Bragg rods contribute to the scattering process. If
we increase  or decrease  so that k0z > g, beams of both signs
of m can be allowed, starting from k0y = 0 as shown in Fig. 8(c).
This case was used as a basis for Figs. 2 and 3.
The threshold at which a particular beam, of index m < 0,
ﬁrst becomes allowed in Fig. 7 corresponds to the value of k0y
at which the Ewald circle is tangent to the mth Bragg rod. For
negative values of m, this condition is satisﬁed when


k0y  jmjg ¼ ðk20y þ k20z Þ1=2 ;

Figure 7

2kth
y =g ¼ jmj 

ðk0z d=2Þ2
:
jmj

ð19Þ

For  = 0.5 nm and  = 0.2 , k0z d/2 = 1.956 which indicates
that the beams of orders m = 1, 2, 3, . . . turn on at 2k0y/
g ’ 0.04, 1.52, 2.68, . . . , respectively, exactly equal to the ‘turn
on’ thresholds in Fig. 7. Note that when one beam turns on, the
reﬂectivities of already allowed beams exhibit a downward
irregularity, a behavior analogous to the optical phenomenon
of a Rayleigh–Wood anomaly (Hessel & Oliner, 1965). There
are additional irregularities in Fig. 7 that are due to trans-

ð18Þ

Plot of the reﬂectivities, <m , of the different allowed beams (for  =
0.5 nm and  = 0.2 ), in an 11-beam approximation. Beams of different
orders ‘turn on’ at particular values of the incident wavevector k0y.
Specular reﬂection is dominant at very small as well as large values of k0y.
The dashed line is a sum of all the allowed reﬂectivities and is unity for
values of 2k0y/g less than 1.33, at which the ﬁrst allowed transmitted beam
turns on.
J. Appl. Cryst. (2010). 43, 455–465

implying a threshold value

Figure 8
Ewald construction in the case (a) k0z < g and k0y = 0 showing that only
specular reﬂection is allowed; (b) k0z < g and k0y > 0 where only negative
m values are allowed as Bragg rods with m > 0 cannot be reached; (c) k0z >
g and k0y > 0 where beams of positive as well as negative values of m are
allowed. Dark and light arrows (blue and pink in the electronic version of
the journal) correspond to the incident and scattered wavevectors,
respectively, just as in Figs. 2 and 3.
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Figure 10
Figure 9
Plot of the transmissivity of beams of different diffraction orders in an 11beam approximation calculated for a neutron of wavelength  = 0.5 nm in
the case of a grazing angle  = 0.2 . The sum of the transmissivities
(dashed line) indicates that transmission is not allowed below a threshold
value of 1.33, consistent with Fig. 7.

mitted beams being allowed, for which the energy conservation constraint is given by equation (12c) instead of (12a).
Although Ewald pictures are generally no longer possible in
these cases, the algebra of equations (18) and (19) still works if
we simply replace k20z ! k20z  4silicon. Then the threshold
for a transmitted (m < 0) beam to turn on is
2kth
y =g ¼ jmj 

ðk0z d=Þ2  vsilicon
:
4jmj

ð20Þ

This equation explains the origin of the remaining irregularities in the <m plots of Fig. 7 and reproduces the threshold
values in the =m plots of Fig. 9. For  = 0.5 nm and  = 0.2 ,
equation (20) indicates that the transmitted beams of orders
m = 1, 2, 3, . . . turn on at 2k0y/g ’ 1.33, 2.16, 3.11, . . . ,
respectively. The fact that no transmitted beams are allowed
below 2k0y /g = 1.33 leads to the unit total reﬂectivity below
this threshold in Fig. 7. For larger k0y, Bragg scattering in the y
direction and the coupling between y and z momenta implied
by the energy conservation condition [equation (12c)] can
produce a real value of the z component of the momentum in
the substrate although  is below the critical angle for silicon,
as it is for Figs. 7 and 9. It is worth remarking that no irregularities appear in the <m or the =m
plots at integer values of 2k0y/g, i.e. at
the band gaps of Fig. 4. The plots of the
total reﬂectivity and total transmissivity
in Fig. 10 conﬁrm the conservation of
ﬂux given by equation (16).

The total reﬂectivity (upper line) and the total transmissivity (lower line)
(calculated for  = 0.5 nm and  = 0.2 ) sum up to unity (dashed line) for
all values of 2k0y/g, conﬁrming that neutron ﬂux is conserved in the
dynamical theory.

polarization, P/P0. These probabilities are readily determined
from the allowed reﬂection coefﬁcients, given by equation
(15a), to be
p~ m ¼ <m


X

<m :

ð21Þ

m

P
~ m ¼ 1. Since the normalized spin-echo
By deﬁnition,
mp
polarization for a neutron scattered with wavevector transfer
qy ¼ mg is equal to cosðmgyse Þ, the total normalized echo
polarization is given by
Pðyse Þ P
¼ p~ m cosðmgyse Þ;
P0
m

ð22Þ

where yse is the spin-echo length derived by Gähler et al.
(1996) and Bouwman et al. (2002):
yse ¼ 2

B
L cot
E0

¼ ð1:476  1014 T1 m2 ÞLB2 cot : ð23Þ

Here L is the separation between the centers of the magnetic
ﬁeld regions used in the SERGIS experiments, B is the
magnitude of the magnetic ﬁeld at the interface between these
ﬁeld regions (Pynn et al., 2009) and is the orientation of the
boundary of the magnetic regions with respect to the neutron
beam direction (Fig. 11). The ratio in equation (23) involves

3. SERGIS
When the SERGIS method is used to
study grating reﬂection, one needs the
relative probabilities, p~ m , of the
different reﬂected beams in order to
calculate the normalized spin-echo
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Figure 11
Diagram of the SERGIS setup. The different shades of the triangles in each triangle-pair represent
oppositely directed magnetic ﬁelds along the z direction. As the neutron beam enters the ﬁrst /2
ﬂipper from the left it is split into two coherent sub-beams of opposite spin states that follow
different trajectories, as indicated in the ﬁgure. The two sub-beams serve as probes that scan the
surface structure of the sample along the desired (y) direction.
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E0 , the neutron’s kinetic energy in vacuum, and B, the
magnitude of the Zeeman energy of a polarized neutron in a
magnetic ﬁeld ( is the neutron magnetic moment). It should
be noted that equation (22) is equivalent, in reﬂection mode,
to the conventional expression of the normalized spin-echo
polarization (Rekveldt et al., 2005):
R d   

Pðyse Þ
d qy cos qy yse d
R


¼
;
ð24Þ
d
P0
d qy d

direction, neutrons move along different trajectories in the
second half of the apparatus and symmetry is lost. The
polarization of the emerging beam is then related to the
Larmor phase difference through equation (22). Explicitly, the
normalized echo polarization, P/P0, is the sum over all
possible wavevector transfers of a weighted average of the
cosine of the net Larmor phase difference between the
neutron spin states.

where qy is the y component of the wavevector transfer.
Equations (22) and (24) hold for a single ray within the incident beam, i.e. for a deﬁnite value of ’, so to compare with the
experimental results we need to average over ’. In our
experiments, the detector captures reﬂected neutrons with all
values of ky generated by the grating so there is no further
limitation on the sum over m in equation (22).
The SERGIS apparatus we use, which is an implementation
of spin-echo scattering angle measurement to GISANS, has
been described a number of times before (Pynn et al., 2005,
2009) and is shown schematically in Fig. 11. The apparatus
serves to split a neutron wavefunction into two spin states,
denoted |z> and |z> in Fig. 11, that propagate with strong
mutual coherence. If the sample reﬂects only specularly, the
symmetry of the assembly of the magnetic triangles shown in
Fig. 11 causes the two neutron spin states to exit the secondary
ﬂight path (at the right of Fig. 11) with the same acquired
phase, having undergone identical trajectories. More precisely
the relative phase between the two states acquired in the ﬁrst
half of the setup, before the sample, is counterbalanced in the
second half so that the two states emerge without any Larmor
phase difference. Consequently, the incident beam polarization is retrieved as spin echo. If the sample scatters in the y

4. Data analysis

Figure 12
Plots of the SERGIS polarization, calculated for different incident beam
divergences, at the ﬁxed-wavelength beamline AND/R at NCNR. The
smooth curves are based on an 11-beam approximation (m0 = 5) and show
a periodic behavior of the echo polarization as a function of the spin-echo
length, peaking to unity at integer multiples of d. The depth of the dips
changes with the beam divergence. The experimental value of the beam
divergence (0.4 FWHM) gives a reasonable ﬁt (solid line) to the data
points within the measured error bars. The sensitivity of the result to
beam divergence is illustrated by the calculated curves for divergences of
0.2 and 0.6 .
J. Appl. Cryst. (2010). 43, 455–465

The same SERGIS hardware was used to study the same
diffraction grating on two different neutron beamlines: the
AND/R ﬁxed-wavelength beamline at the continuous wave
(CW) neutron source at NCNR, and the ASTERIX variablewavelength beamline at the pulsed neutron source at
LANSCE. The spin-echo polarization was measured as a
function of the spin-echo length in both cases. Both sets of
data showed a similar behavior of the spin-echo polarization
which peaked at integer multiples of the grating period, but
some differences were observed when the results were
examined in detail.
4.1. SERGIS at a CW source

At AND/R with a neutron beam of ﬁxed wavelength ( =
0.5 nm), the spin-echo length could be varied either by varying
the separation distance between the triangular electromagnets
or by varying the magnetic ﬁeld strength at their interfaces. In
our experiment, we scanned the spin-echo length by varying
the electric current, I, in the triangular solenoids, providing a
variable magnetic ﬁeld in the triangular coils. For current
values between 1 and 10 A the spin-echo length ranges from
23 to 230 nm. The spin-echo polarization measured with
our grating (Fig. 12) shows a periodic behavior as a function of
the spin-echo length, peaking to unity at integer multiples of
the grating period d. The dynamical theory predicts that the
echo polarization is a periodic function of the spin-echo length
because it yields a result that is the weighted sum of cosine
functions with a common period, d, in yse . The arguments of
the cosine functions in equation (22) do not depend on ’,
while the weighting functions are set by the reﬂectivities, <m ,
which do depend on ’ but not on yse (for a ﬁxed value of ).
Hence an average over ’ does not change the periodicity of
the spin-echo polarization. From the discussion of the reﬂectivities presented in x2, we can determine what range of
reﬂected beams contributes for a given incident beam divergence. The plot in Fig. 13 of p~ m along with the distribution of
possible ’ values shows that the beams of orders down to jmj =
3 should be included. Nevertheless, since the lower-order
beams (m = 0, 1) make the dominant contribution in the
scattering process, we ﬁnd P/P0 to be close to a simple cosinelike function just as our data indicate. Not surprisingly, given
the strong dependence of the reﬂectivities on ’ depicted in
Fig. 7, the amplitude of the periodic SERGIS polarization is
dependent on the width in ’ of the incident beam. With the slit
geometry that we had for the AND/R experiment, the beam
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divergence in ’ is 0.4 FWHM. The dynamical theory calculation, with all the parameters (incident angles, beam divergence, neutron wavelength and sample dimensions) set to
their experimentally measured values, provides a good
description of the measured echo polarization as shown in
Fig. 12; in particular, the amplitude and shape of the polarization oscillation are correctly accounted for. The averaged
form of equation (22), for a ﬁxed value of , is
P
Pðyse Þ
¼ h~pm i cosðmgyse Þ:
P0
m

ð25Þ

Using the experimental value of the FWHM we obtain hp~ m i ’
0.63, 0.15, 0.03, 0.004 for jmj = 0, 1, 2, 3, respectively. The
dominance of the ﬁrst three h~pm i values (corresponding to m =
0, 1) accounts for the near cosine-like shape of the oscillation in Fig. 12.
4.2. SERGIS at a pulsed source

At ASTERIX, the current in the triangles need not be
changed because the spin-echo length varies with the variable
wavelength of the neutron beam (0.4 <  < 0.9 nm), which is
determined using time of ﬂight. With the current in the
triangular electromagnets ﬁxed at 12 A, the spin-echo length
ranges between 90 and 450 nm. Again, the measured spinecho polarization, shown in Fig. 14, peaks at integer multiples
of the grating period but the echo polarization is not a periodic
function of the spin-echo length as in Fig. 12. The dynamical
theory explains the loss of periodicity by the fact that p~ m
depends on  and hence on yse , so the weight factors in
equation (22) have a nonperiodic variation in yse . The incident
beam divergence that we use in the analytical calculations is a
Gaussian distribution in ’ of 0.19 FWHM (corresponding to
the experimental value) and offset ’0 = 0.09 . It should be

mentioned that the alignment of the grating with the neutron
beam was not determined to better than 0.1 and our choice of
’0 , within the experimental uncertainty in average alignment,
provides the best ﬁt to our data.
At small spin-echo lengths we observe a number of sharp
features in the theoretical curve. The ones that ﬁrst appear as
yse decreases are remnants (in the sense of surviving the
average over ’) of the Rayleigh–Wood anomalies. In particular, the sharp peak at yse ’ 102 nm is due to the onset of the
m = 0 transmission, whereas the irregularities at spin-echo
lengths between 40 and 60 nm arise from the thresholds of
higher-order transmitted beams. At still smaller yse , the m = 0
transmission rises to more than 90% and all the reﬂection and
other transmission coefﬁcients become quite small (although
the relative probabilities, p~ m , are not). In this limit any kind of
scattering is very weak and the reﬂectivities are primarily
determined by the interference of waves reﬂected from either
the top or the bottom of the modulated layer. The variation of
the phase difference between these two waves is controlled in
the small-wavelength limit by 2k0z t. In addition, our numerical
results indicate that the interference oscillations due to the m =
0 or the jmj ¼ 1 pair of reﬂected waves are out of phase with
each other. Consequently, R0;0 and R0;1 oscillate out of phase
relative to each other with a period set by 2k0z t = integer. This
argument explains the series of peaks and dips occurring at
spin-echo lengths smaller than 20 nm.

5. Concluding remarks
The dynamical theory calculation has proven to be successful
in describing neutron reﬂection from a grating with periodic
structure and a simple proﬁle. It explains the differences in the
SERGIS polarization we observed at two different neutron

Figure 14

Figure 13

Plot of the relative probabilities as a function of the tilt angle ’. The
angular distribution of the incident neutron beam is a Gaussian in ’ with
FWHM = 0.4 (dashed line) and offset ’0 = 0. Within this incident beam
divergence, reﬂected beams of orders m = 0 and m = 1 make the
dominant contribution. Note that this plot depicts the behavior of the
reﬂectivities in terms of positive values of ’ only. For negative values of ’,
the plots of the reﬂectivities of positive orders are obtained from their
negative-order counterparts by symmetry with respect to the vertical axis.
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Plot of the SERGIS polarization measured using the ASTERIX
reﬂectometer at the LANSCE pulsed neutron source (data points with
experimental error bars) compared with the dynamical theory truncated
to m0 = 9 (solid line) calculated for a Gaussian distribution in ’ with
FWHM = 0.19 and offset ’0 = 0.09 . The large value of m0 is required
because at small wavelengths the Ewald circle grows larger, hence more
beams contribute to the scattering process. The peaks and dips in the
measured polarization are the same as predicted by the dynamical theory
and appear, as expected, at integer and half-integer multiples of the
grating period. The nonperiodic structure of the echo polarization is due
to the wavelength dependence of the reﬂectivities and the spin-echo
length.
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sources and the importance of the divergence of the incident
neutron beam perpendicular to the specular reﬂection plane
(’) as well as the neutron wavelength and the grazing-incident
angle  in determining the precise pattern that is observed.
The calculation is in very good agreement with the experimental results when all the parameters used in the theory
(beam divergence, incident angle, sample features, size etc.)
are set to their experimentally measured values. The calculation also serves as an instructive method to visualize the
behavior of the neutron wavefunction in the vicinity of gratings. It illustrates the guiding of neutrons along the grooves of
the grating for particular incidence conditions, as well as
various resonance phenomena which, while not surprising,
have not yet been observed with neutrons to our knowledge,
although the guiding of neutrons has been observed in simple
layered systems (Feng et al., 1994). Based on this calculation,
we expect to be able to calculate, using a perturbation method,
the scattering from material deposited in the grooves of a
grating and intend to apply the method in the future to study
the directed self assembly of various macromolecules aligned
in the grooves of a diffraction grating.
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