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Dynamical theory (DT) calculations have been successfully developed to
explain neutron spin-echo resolved grazing-incidence scattering from diffraction
gratings. The theory, without any adjustable parameters, has been shown in
previous publications to accurately reproduce the sensitivity of the spin-echo
polarization signal to sample specifications and scattering geometry. The phaseobject approximation (POA), which is computationally less demanding than the
DT, has also been used to analyze neutron spin-echo polarization data obtained
from diffraction gratings. In this paper, POA and DT calculations are compared
for neutron scattering from various diffraction gratings in different geometrical
settings. POA gives a good description of the data for transmission cases, where
the neutron beam is incident at large angles to the average grating surface.
However, for the grazing-incidence reflection cases that were studied, the POA
does not fit the data using the independently determined dimensions of the
measured gratings. On the other hand, the good agreement between dynamical
theory and the data from gratings with known profiles paves the way for its use
to extract profile information from periodic samples with unknown structures.

1. Introduction
Since the early use of scattering techniques to study crystal
properties, many theories have been developed to explain the
scattering data. These theories simulate scattering based on
the characteristics of the scattering potential as well as those
of the scattered radiation. By fitting a theoretical model to the
measured scattering, unknown properties of the sample are
extracted. For perfect crystals, a two-beam dynamical theory
was proposed by Bethe (1928) to describe dynamical scattering effects of electrons. However, this theory is fairly
complicated and when more than two diffracted beams had to
be considered the calculations were tedious, especially with
the limited computational power available then. Moreover, for
most samples (e.g. crystals with defects) it is not easy to
describe the individual scattering events accurately. Hence,
alternative scattering theories involving further approximations were proposed to make calculation schemes easier to
evaluate. The challenge has always been to find an approximation that both reasonably models the scattered wave and is
readily computed.
In 1957, Cowley & Moodie (1957) proposed a new
‘physical-optics’ approach to interpret the diffraction of
electrons by thin crystals. The authors assumed that, when an
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electron traverses a region with a varying electrostatic
potential, the electron wave at the exit suffers an amplitude
modification (due to inelastic scattering) and a phase modification (due to elastic scattering) relative to the incident wave.
In the limit where the scattering is perfectly elastic, the effect
is due solely to a ‘phase-object’. Later, Jap & Glaeser (1978)
used a Feynman path formulation to explain the scattering of
high-energy electrons from thin specimens with an even
simpler approximation, in which the accumulated phase of an
electron is calculated along a single classical path parallel to
the incident beam direction. This straight-line path approximation is known as the phase-object approximation (POA).
A higher-order POA, which involves zigzag as well as straightline paths, has been also derived (Jap & Glaeser, 1978) and
was found, in the case of forward scattering, to be the
approximation of Cowley and Moodie.
The POA has been recently applied to small-angle neutron
scattering from micrometre-scale silicon diffraction gratings
(de Haan et al., 2007). The theoretical approximation allows
good fits to the experimental data in the case of transmission
but cannot reproduce reflection data without adjustment of
some parameters (groove depth and/or period of the grating)
(Plomp, 2009; Plomp et al., 2007). This poses a question
J. Appl. Cryst. (2011). 44, 958–965
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main quantities to be included in the present discussion and
we refer the reader for a more detailed description to the
publications mentioned above.
The geometry we consider is that of a beam incident on the
grating at an angle (=2  ) relative to the z axis, chosen to
be perpendicular to the average surface of the grating, and at
an angle ’ relative to the x axis, chosen along its lines. For
completeness, the y axis is perpendicular to the x axis in the
plane of the grating. With this choice of reference frame,
shown in Fig. 1, the components of the incident neutron
wavevector, k0 , are expressed as

regarding the utility of POA for profile retrieval of unknown
samples, especially in cases where the scattering is not forward
and a straight-line classical approach is not justified.
In systems where the scattering is strong and dynamical
effects cannot be neglected, a full dynamical theory approach
becomes unavoidable. Exact (to the extent that the scattering
is elastic and conserves spin) dynamical theory (DT) calculations have been successfully implemented to describe electron,
X-ray and neutron reflection data from diffraction gratings
(Berrouane et al., 1992; Neviere et al., 1974; Ott et al., 2001).
These DT calculations have usually been limited to a few
contributing beams and some authors have reported computational instabilities when higher-order beams were included.
We have recently developed a full dynamical theory
calculation, based on a Bloch wave expansion, to interpret
spin-echo resolved grazing-incidence scattering measurements
from silicon diffraction gratings with nanometre-scale
dimensions (Ashkar et al., 2010). The theory is in good
agreement with the experimental results and accurately
reproduces the sensitivity of the spin-echo polarization signal
to slight variations in the sample and beam geometry (Ashkar
et al., 2011). The model provides insight into the details of the
scattering process and the contribution of different scattered
beams to the detected signal. Our calculations show a high
degree of stability for all the diffraction orders we have tested
(ranging from tens to several hundreds of beams) both in
reflection and in transmission geometries.
In this paper, we present comparisons of DT and POA
calculations for diffraction gratings in different scattering
regimes and for different sample specifications. This is a first
step in finding a suitable model for analyzing neutron reflection data from periodic structures. The importance of such
modeling techniques lies not in retrieving profile information
of periodic surface profiles such as gratings (which can be
easily measured by conventional probes such as atomic force
microscopy) but in extracting information about buried
morphologies that do not extend to the free surface of the
sample (e.g. viral or polymer assemblies in periodic confinements). If the model is not adequate for describing the scattering phenomenon, fitting it to the data does not necessarily
give correct information about the sample. Here, we compare
two theoretical models, the DT and the POA, on samples of
known structures to test their validity for future use in
analyzing periodic samples with more complex morphologies.
The notations we use for DT and POA are discussed in x2. The
experimental data and the theoretical simulations are
presented in x3. We conclude in x4 by a brief discussion on the
implications of our results.

k0x ¼ k0 cos  cos ’;
k0y ¼ k0 cos  sin ’;

ð1Þ

k0z ¼ k0 sin :
These formulae for the incident wavevector components are
common to the DT and POA expressions presented in the
following subsections. The components of the scattered
neutron wavevector (kx, ky and kz) are measured with respect
to the same coordinate system.
2.1. Dynamical theory

In any quantum theory, scattering is studied through the
modulation of the incident neutron wave due to its interaction
with the scattering potential. In the DT, all multiple scattering
effects are taken into consideration and a well defined
expression of the neutron wavefunction, ðrÞ, is found at any
point in the vicinity of the sample. The solution is obtained
from the Schrödinger equation:
r2 ðrÞ þ ½k20  4ðrÞ ðrÞ ¼ 0:

ð2Þ

From equation (2), one can see that ðrÞ will depend on the
distribution of the scattering length density, ðrÞ, within the
sample. For a one-dimensional silicon grating with a period d
and a groove depth h, ðrÞ is defined as
8
if 0 < z;
< air
ðrÞ ¼ mod ðy; zÞ if  h < z < 0;
ð3Þ
:
silicon
if z <  h:
Here, z ¼ 0 is at the free surface of the grating and z ¼ h at
the interface between the substrate and the modulated layer,
while air (silicon ) is the neutron scattering length density of air
(silicon) and mod is the modulated scattering length density in
the region of the grating grooves, which takes values of either
air or silicon depending on the shape of the grating lines.

2. Theoretical background
In this section, we describe DT and POA calculational
schemes for diffraction gratings in two scattering geometries:
reflection and transmission. The expressions for DT and POA
presented here have been fully developed in previous publications (Ashkar et al., 2010; de Haan et al., 2007; de Haan,
2007). However, the POA notation we use is slightly different
from the referenced one. For the sake of clarity, we define the
J. Appl. Cryst. (2011). 44, 958–965
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Figure 1
Incident neutron beam geometry in (a) the xz plane and (b) the xy plane.
The incident beam makes an angle  with the surface of the grating and an
angle ’ with its lines.
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The translational invariance of the grating along the x axis
implies that there is no wavevector transfer along this direction, i.e. kx ¼ k0x , whereas the periodicity along the y direction
implies that the y component of the wavevector transfer is an
integer multiple of the smallest reciprocal lattice vector,
g ¼ 2=d, of the grating. In other words, ky ¼ k0y þ mg. In the
case of elastic scattering, the neutron energy must be
conserved, which dictates the expressions for the z component
of the wavevector of the mth reflected (r) and transmitted (t)
wavevector to be
krz;m ¼ ½k20z þ k20y  ðk0y þ mgÞ2 1=2 ;
ktz;m ¼ ½k20z þ k20y  ðk0y þ mgÞ2  4silicon 1=2 :

ð4aÞ
ð4bÞ

A complete solution requires the determination of the scattering amplitudes of each of the scattered beams. For the
present discussion, we will only introduce the expressions for
the wavefunction in air and in the substrate:


P
r
Rm expðikz;m zÞ expðimgyÞ
air ðrÞ ¼ expðik0z zÞ þ
m

 expðik0y yÞ expðik0x xÞ;
sub ðrÞ

¼

P

ð5aÞ

ð5bÞ
The first term in equation (5a) represents the incident wave of
unit modulus, whereas the second set of terms accounts for the
sum of reflected beams, each with an associated reflection
amplitude Rm. Equation (5b) describes the neutron wavefunction in the substrate as a sum of transmitted beams with
transmission amplitudes Tm. All z components of the wavevectors appearing in equations (5a) and (5b) are either positive real or positive imaginary. The amplitudes Rm and Tm are
calculated using the condition of continuity of the wavefunction and its z derivative at the interfaces between the different
layers. A full description of the matching problem is presented
by Ashkar et al. (2010).
The discussion above is general and holds for any grating
profile. To solve for Rm and Tm , we expand the neutron
wavefunction in the modulated layer in terms of Bloch waves,
which we express in terms of the Fourier coefficients of the
scattering length density of the grating given by
1
¼
d

2.2. Phase-object approximation

The POA was originally formulated to study transmission
intensities of high-energy particles scattering from relatively
thin samples. In this paper, we use the same conventional
(forward scattering) straight-line path approach to calculate
the intensity of neutrons transmitted through our sample. This
is based on the hypothesis that the neutron momentum along
the direction of propagation is large enough that the neutron
does not significantly deflect as it traverses the scattering field
of the sample. To find the transmission amplitude of the beam
of diffraction order m, we use equation (9) of de Haan et al.
(2007) combined with the previous definition of the transmitted wave in our equation (5b) so that
expðik0x xÞ expðik0y yÞ expðik0z zÞ
P
¼ Tm expðimgyÞ;

Zd=2
dy expðilgyÞmod ðy; zÞ ¼

sub

¼ exp½iðyÞ
ð7Þ

m

Tm expðiktz;m zÞ expðimgyÞ expðik0y yÞ expðik0x xÞ:

m

mod
ðzÞ
l

divided into thin slices within each of which a vertical wall
approximation is used. In this case, the boundary conditions at
layer interfaces described above have to be applied at the
interfaces between all the thin slices as well as at the interfaces
with air and the substrate.

where ðyÞ ¼ ðyÞ  0 is the difference between the
phase ðyÞ acquired by the neutron as it passes through the
modulated layer of the grating and the phase 0 acquired by
going through the same thickness of air. From equation (7), we
see that the transmission amplitude, Tm, is the mth Fourier
coefficient of exp½iðyÞ. The POA derivation we show here
is particular to the sample we used in our transmission
measurements, which is a trapezoidal grating with the specifications shown in Fig. 2.

silicon
sin½lf ðzÞ;
l

d=2

ð6Þ
where f ðzÞ is the depth-dependent filling factor of the grating
and l is an integer. In the case of a rectangular grating, mod
does not vary as a function of z within the modulated layer and
a three-layer model (air, modulated layer, substrate) is enough
to describe the sample. However, when the walls of the grating
grooves are not vertical, the filling factor varies with depth and
so do the Fourier coefficients, mod
. The problem is solved via a
l
Parratt (1954) formalism, in which the modulated layer is
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Figure 2
Cross-sectional sketch of one period of the trapezoidal grating with
height h and bases of widths wt (top) and wb (bottom). Within the POA,
neutrons follow straight-line paths designated by the downward-pointing
red arrows. The dashed part of the arrow represents the distance that the
neutron covers in silicon before it enters the substrate. The differential
phase acquired by a neutron is directly proportional to this distance and
varies as a function of y, with the value of y for any path set by where the
path crosses into the substrate at z = h.
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Equations for reflectivities in the POA have a different
rationale, arising from a modified distorted-wave Born
approximation argument (de Haan, 2007). In the present
notation they are expressed for a grating with a rectangular
profile and a fitting factor f as

In the yz scattering plane, the direction of the incident beam
is determined by the angle  defined by tanðÞ ¼ k0y =k0z ¼
sin ’= tan . Also in the yz plane the magnitude of the incident
wavevector is K0 ¼ ðk20y þ k20z Þ1=2 ¼ k0 sinðÞ= cosðÞ. The
phase 0 is defined by 0 ¼ K0 L, where L is the distance the
neutron covers within the modulated layer, given by
L ¼ h= cosðÞ as shown in Fig. 2. A similar expression holds
for ðyÞ. Consider a beam that goes a distance L1 in air and a
distance L2 in silicon. The phase acquired along this path is
ðyÞ ¼ K0 L1 ðyÞ þ KL2 ðyÞ, where L1 ðyÞ þ L2 ðyÞ ¼ L and
K ¼ ðK02  4silicon Þ1=2 ’ K0  2silicon =K0 is the magnitude
of the neutron wavevector in silicon. The approximate
expression for K is valid in the short-wavelength weak-scattering limit. By substituting for these quantities in the
expression for the differential phase we find ðyÞ ¼
2silicon L2 ðyÞ=K0 is directly proportional to the distance L2
that the neutron covers inside silicon within the modulated
layer. If the neutron goes only through silicon, L2 ðyÞ ¼ L and
ðyÞ ¼ 2silicon L=K0 ¼ silicon h=sinðÞ,  being the
neutron wavelength.
In general, the differential phase over a period jyj < d=2 is
given by




sinðmf Þ krz;m  ktz;m
Rm ¼ 0;m þ f ½expðiqz;m hÞ  1
:
mf
k0z þ ktz;m
ð9Þ
In equation (9), qz;m is the z component of the wavevector
transfer given by qz;m ¼ krz;m þ k0z and sinðmf Þ=mf ¼ 1 for
m = 0. The plus sign in the expression for qz;m is a result of the
notation we use for the z component of the incident wavevector [see equation (5a)]. The last factor in equation (9) is the
so-called ‘phase-object enhancement coefficient’, which serves
to describe the nonforward scattering of a reflection process.
In the case of reflection from a flat uniform substrate, m must
be zero and the enhancement coefficient becomes the Fresnel
reflection amplitude. The factor in curly brackets in equation (9) is the form factor of the grating. We emphasize that
this expression for the form factor is valid only for gratings
with rectangular profiles, which is the type we used in our
reflection measurements. Other expressions for the form
factor can be derived for nonrectangular profiles.

silicon h
ðyÞ ¼
sinðÞ
8
0
if  d=2 < y <  wb =2 or wb =2 < y < d=2;
>
>
>
>
>
1
if
 wt =2 þ h tanðÞ < y < wt =2 þ h tanðÞ;
>
>
<
y þ wb =2

if  wb =2 < y <  wt =2 þ h tanðÞ;
>
ðw

w
>
b
t Þ=2 þ h tanðÞ
>
>
>
y þ wb =2
>
>
:
if wt =2 þ h tanðÞ < y < wb =2:
ðwb  wt Þ=2  h tanðÞ
ð8Þ

2.3. Neutron spin-echo scattering

From this point on, the same analysis holds for the two
theoretical approaches. Using the reflection and transmission
amplitudes defined above for the DT or POA, we determine
the flux of the reflected and transmitted beams from (Pendry,
1974)

The equation above holds as long as tanðÞ < ðwb  wt Þ=ð2hÞ.
If this condition is not satisfied then the inclination of the
arrows in Fig. 2 is greater than the inclination of the side walls
and consequently some of the straight-line paths entering the
top of the trapezoid can exit into air before reaching the
substrate. In such a case, a different set of equations is needed
for ðyÞ.
The transmission calculations in the POA can be interpreted in a slightly different way. Instead of moving with an
angle  through a symmetrical trapezoid, the scattering
geometry can be thought of as normal incidence transmission
through a shear-strained trapezoid, with the top base shifted
by h tanðÞ along the y axis. The profile of this nonsymmetrical
trapezoid is described by the same expression as the piecewise
function defined after the curly bracket in equation (8). The
prefactor in equation (8) can be thought of as a conventional
phase difference expressed as silicon h0, where h0 is the
effective height of the grating given by h0 ¼ h= sinðÞ. Of
course, the alternative method ends up with the same
expression for the differential phase.
Although the early applications of POA were restricted to
simulating transmission data from thin specimens, a POA
formalism has been recently developed to treat neutron
reflectometry from corrugated surfaces (de Haan et al., 2010).
J. Appl. Cryst. (2011). 44, 958–965

Rana Ashkar et al.

<m ¼

krz;m  2
R ;
k0z m

=m ¼

ktz;m  2
T :
k0z m

ð10Þ

In calculating <m and =m we exclude beams with imaginary z
components of the associated wavevectors because they decay
exponentially and hence cannot reach the detector. The
exclusion process takes place in the last step of the calculation,
which is important to note since, at least in the dynamical
theory, these beams do have a significant contribution to the
near-field effects, i.e. they are important in the boundary-value
matching process used to determine the scattering amplitudes.
In a spin-echo scattering angle measurement experiment,
one measures the polarization of the outgoing neutron beam,
which is the sum of the polarizations of individual scattered
beams weighted by their corresponding probabilities. For
experiments in which the neutron beam is transmitted through
the sample, such experiments are often referred to as SESANS
(spin-echo small-angle neutron scattering) measurements,
while at grazing incidence, the term spin-echo resolved
grazing-incidence scattering (SERGIS) is usually used. In
either case, the probability p~ m of detecting a diffracted beam
of order m is equal to its flux divided by the total measured
flux, i.e.
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p~ m ¼ <m

P
m0

<m0

or p~ m ¼ =m

P
m0

=m 0 :

ð11Þ

It is worth mentioning here that, in our transmission cases, the
measurements are made at incident angles much larger than
the critical angle of the sample material so that the incident
beam is totally transmitted. Consequently, the sum of transmitted flux in the denominator of the second equation is unity.
This is not true for the grazing-incidence reflection cases, since
the incident angle of the neutron beam then may be smaller
than the critical angle of silicon for some neutron wavelengths.
Furthermore, diffraction events can lead to some ktz;m > kc ¼
ð4silicon Þ1=2 , where kc is the critical wavevector.
The spin-echo polarization of each diffracted beam is given
by the cosine of the Larmor phase acquired by that beam
during the scattering process, i.e. cosðqy yse Þ. For a beam of
order m, qy ¼ mg, as mentioned earlier. The spin-echo length,
yse , along the coding (y) direction is given by yse ¼ a2
(Rekveldt, 2003), where a is a constant that depends on the
spin-echo setup.
With the above definitions of the probabilities and individual polarizations the total spin-echo polarization signal is
then given by
P
Pðyse Þ=P0 ¼ p~ m cosðmgyse Þ;
ð12Þ
m

where P is the polarization due to scattering from the sample
and P0 is the wavelength-dependent polarization of the setup,
obtained from the direct beam (with no sample) for SESANS
and from a flat reflecting surface for SERGIS. In either case, P
and P0 should be measured in the same geometry.

3. Data and calculations
The spin-echo experiments described in this paper were
carried out at different neutron scattering facilities. Reflection
measurements were performed at the OFFSPEC beamline at

Figure 3
Plot of the spin-echo polarization for reflection from a rectangular grating
with d = 140 nm, h = 65 nm and f = 0.5 in the case of grazing incidence
(0 = 0.2 ) and alignment angle ’0 = 0.09 obtained by 19-beam DT (dark
solid line; magenta in the electronic version) and POA (light grey)
calculations with yse ¼ ð551nm1 Þ2 . The dashed line (blue in the
electronic version) results from a POA calculation carried out with the
same parameters except for h = 34 nm. Data are shown as black points
with error bars.
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ISIS and at the ASTERIX beamline at the Los Alamos
Neutron Science Center (LANSCE). Transmission data were
collected at the Reactor Institute in Delft. Each set of data is a
result of 2–4 h of measurement. In this section we compare DT
and POA polarization calculations with various sets of
reflection and transmission data on diffraction gratings in
different scattering geometries.
3.1. Reflection

The reflection measurements presented here are SERGIS
measurements performed on diffraction gratings. The experiments were motivated by two goals: first, to test the sensitivity
of the DT in reproducing experimental results of scattering
from gratings with known parameters in different scattering
geometries; and second, to test the applicability of the POA
and its validity in analyzing reflection data. The ultimate goal
is to determine the efficacy of different scattering theories for
retrieving profile information from samples with unknown
profiles.
The first reflection measurement was carried out at the
ASTERIX beamline at LANSCE using the spin-echo setup
developed at the Low Energy Neutron Source (LENS) at the
Indiana University Center for the Exploration of Energy and
Matter (Pynn et al., 2009). The dependence of the spin-echo
length on the neutron wavelength is set by the parameters of
the setup to be yse ¼ ð551nm1 Þ2. With a wavelength range
between 0.4 and 0.9 nm, the spin-echo length varies between
88 and 446 nm. The sample we used is a silicon grating with a
rectangular profile of period d = 140 nm, groove depth h =
65 nm and filling factor f = 0.5. The specifications of the grating
were provided by the manufacturing company (LightSmyth
Technologies, Eugene, OR, USA) (measured by scanning
electron microscopy) and were confirmed by our own atomic
force microscopy measurements. The grating was studied in a
grazing-incidence geometry with a nominal incident angle 0 =
0.2 .
Dynamical theory calculations for this grating in the scattering geometry of the experiment show very good agreement
with the spin-echo data [dark solid line (magenta in the
electronic version of the journal) in Fig. 3]. The calculations
are based on a 19-beam approximation and a three-layer
model determined by the scattering-length-density distribution in the rectangular grating we studied. The parameters
used in the theoretical model, such as 0, d and h, are all set to
their known values. However, the alignment of the grating
with the neutron beam was not accurately determined, i.e. the
nominal alignment angle ’0 between the incident neutron
beam and the lines of the grating was not known to better than
0.1 . With a 0.19 FWHM Gaussian distribution in the angle ’
of the incident beam as determined by the configuration of the
slits, the best fit to the data is achieved with ’0 = 0.09 , which is
within the 0.1 experimental uncertainty. The calculation is
first performed for fixed values of  and ’, and then the spinecho polarization given by equation (12) is averaged over the
angular distribution of the incident beam, giving a quantity we
denote by hP=P0 i. For the measurement described above, we
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have a very tight beam collimation in  so hP=P0 i is an average
just over the angular distribution in ’ for one value of the
incident angle 0 = 0.2 .
POA calculations, performed with the same parameters and
represented by the solid light-grey line in Fig. 3, do not fit the
data. Nonetheless, the POA analytical curve peaks at the right
positions, i.e. at integer multiples of the grating period.
However, when the groove depth of the grating is set to h =
34 nm, keeping all other parameters the same as before, the
POA shows much better agreement with the data, as shown by
the dashed (blue in the electronic version) curve in Fig. 3. This
result conveys a very important message: fitting scattering data
with a theoretical model might give incorrect information
about the sample if the theory is not adequate for describing
the scattering phenomenon.
Other sets of reflection data were collected at the
OFFSPEC beamline at ISIS (Dalgliesh et al., 2011). The
measurements were performed on different silicon gratings, all
with rectangular profiles, purchased from LightSmyth
(LightSmyth Technologies, Eugene, OR, USA). In this paper,
we present two of these data sets. The first is a grazing-incidence scattering measurement on a grating with a period d =
556 nm, a groove depth h = 110 nm and a filling factor f = 0.5 in
the case of a nominal angle of incidence 0 = 0.15 and
(perfect) alignment angle ’0 = 0 . The second set was collected
from a grating with parameters identical to those of the first,
except for a deeper groove depth h = 140 nm, for an incident
angle 0 = 0.18 and an alignment angle ’0 = 0 . The angular
divergence of the incident beam is determined from the width
and separation of the two slits preceding the sample to be an
approximately Gaussian distribution in both  and ’, centered
at 0 and ’0, respectively. The standard deviation is 0.01 for
the  distribution and 0.1 for the ’ distribution. This is a
typical incident beam profile for reflectometry where the
neutron beam is tightly collimated in the specular plane and
loosely collimated perpendicular to this plane.

DT calculations for these gratings, shown as the solid curves
(magenta) in Figs. 4 and 5, reproduce the scattering data with a
high degree of sensitivity. We have shown in a previous
publication (Ashkar et al., 2011) that the SERGIS technique is
very sensitive to small variations in the grating specifications
(mainly the period and the groove depth) and to slight
differences in the scattering geometry (i.e. the incident  and
’). The dynamical theory accurately reproduces the SERGIS
sensitivity without any adjustment of the input parameters.
On the other hand, POA curves, shown as the dashed lines
(blue) in Figs. 4 and 5, do not trace the data correctly.
Although for some regions of the spin-echo length good
agreement with the data is obtained, the overall output of the
POA calculations does not resemble the data. In the above
two cases we could not find better POA fits by considering a
different groove depth of the grating as we did for the
previous case shown in Fig. 3. The calculations carried out with
a different groove depth also fit the data only over a certain
range of spin-echo length but not outside that range.
3.2. Transmission

Spin-echo transmission measurements were performed at
the Reactor Institute in Delft (Plomp, 2009) on a silicon
grating that has a period and groove depth of several micrometres and a trapezoidal profile, as depicted in Fig. 2.
Measurements on this grating were performed for three
different incident-beam settings with 0 near 90, 45 or 20 . The
results were reported by de Haan et al. (2007), along with a
POA analysis. More recently, the instrument calibration has
been reevaluated, causing some changes to the experimental
results and necessitating a new analysis. Unlike the gratings
used for the reflection experiments, we do not have independent measurements of the parameters of the trapezoidal
grating. Hence, in the fitting process both the grating parameters (d, h, wt and wb) and the incident angles (0 and ’0) are
open to adjustment. The revised data and POA fits are shown
in Figs. 6–8. The new fit parameters are period d = 11.5 mm,

Figure 4
Figure 5

Spin-echo reflection data (points with error bars) on a rectangular grating
with d = 556 nm, h = 110 nm and f = 0.5 in the case of grazing incidence
(0 = 0.15 ) and perfect alignment with the neutron beam (’0 = 0 ). The
solid line (magenta in the electronic version of the journal) is obtained by
a DT calculation and the dashed curve (blue in the electronic version) by
a POA calculation. Both calculations use 11 beams and yse ¼ ð103 nm1 Þ2 .
J. Appl. Cryst. (2011). 44, 958–965

Rana Ashkar et al.

Spin-echo reflection data (points with error bars) from a rectangular
grating with d = 556 nm, h = 140 nm and f = 0.5 in the case of grazing
incidence (0 = 0.18 ) and perfect alignment with the neutron beam (’0 =
0 ). Curves are obtained by 11-beam DT (solid, magenta in the electronic
version) and POA (dashed, blue) calculations with yse ¼ ð103 nm1 Þ2 .
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Figure 6
Plot of the spin-echo polarization for neutron transmission from the
trapezoidal grating in the case of near normal incidence (0 = 88.8 ), with
’0 = 90 , obtained by 101-beam DT (solid, magenta) and POA (dashed,
blue) calculations with yse ¼ ð4730nm1 Þ2 . The DT model involves 20
slices. Data points are represented by the black dots with error bars.

Figure 7
Plot of the spin-echo polarization for neutron transmission from the
trapezoidal grating in the case where 0 = 45 and 0 = 1.6 obtained by a
20-slice DT calculation (solid, magenta) and a POA calculation (dashed,
blue), both based on a 101-beam approximation with yse ¼
ð4730 nm1 Þ2 . The black dots with error bars represent the spin-echo
data.

Figure 8
Plot of the transmitted neutron spin-echo polarization for the trapezoidal
grating in the case where 0 = 21.5 and ’0 = 0.75 . The solid black curve
results from a 101-beam DT calculation. The other two curves are
obtained by a 20-slice DT calculation (solid, magenta) and a POA
calculation (dashed), both including 341 beams with yse ¼ ð4730nm1 Þ2 .
The black dots with error bars represent the spin-echo data.
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groove depth h = 46.1 mm, upper width wt = 0.49 mm and lower
width wb = 4.41 mm. For the incident angles (0, ’0) the three
pairs of fitted values are (88.8 , 90 ), (45 , 1.6 ) and (21.5 ,
0.75 ). We did not average over distributions in either  or ’.
The results show a reasonable match between experiment and
theory, but the large number of fitted parameters leaves open
questions of the uncertainty or uniqueness of the fits. Ideally,
the experiments should be redone with more accuracy.
However, in this paper, data fitting is not the main concern;
instead we want to concentrate on the comparison of POA and
DT calculations carried out with the same input parameters.
We note that, since the groove sidewalls are not perpendicular
to the substrate, DT calculations require the implementation
of the Parratt formalism discussed in x2.1. We divide the
modulated layer into 20 thin slices of equal thicknesses such
that the vertical walls of each thin slice intersect the sidewalls
of the trapezoid in the mid-plane of the slice. Figs. 6–8 show
that the two calculational schemes give almost identical results
in all three cases.
The results require more than a hundred beams in order to
produce satisfactory convergence. This larger number of
required beams is a result of the period of the grating being
more than an order of magnitude greater than the periods of
the gratings we used in the reflection experiments. For the first
two cases where (0, ’0) = (88.8 , 90 ) and (45 , 1.6 ),
convergence is obtained for 101 beams, i.e. 50  m  50. In
the last case where (0, ’0) = (21.5 , 0.75 ), 341 beams (i.e.
170  m  170) are needed to achieve converging results
(see Fig. 8). This case is special because the direction of the
incident neutron beam is very close to the inclination of the
right side wall of the grating in Fig. 2. In the context of POA,
this leads to a sharp transition in the acquired phase [see last
line in equation (8)], which in turn necessitates the inclusion of
more beams (or Fourier components).

4. Conclusions
The comparisons of dynamical theory and phase-object
approximation calculations with the neutron scattering data
presented in this paper have several implications. First,
concerning the DT, the generally good agreement between the
calculated spin-echo polarization and the data, both in
reflection and in transmission geometries, shows the efficacy of
the DT in describing scattering from one-dimensional
diffraction gratings. In fact, the DT provides a tractable,
computationally exact theory for explaining elastic neutron
scattering data from perfectly periodic structures. Moreover,
the sensitivity of the theory, as well as the SERGIS technique,
to slight variations of sample specifications in reflection
measurements indicates the high degree of accuracy with
which profile information of the measured sample can be
extracted. This theory may now be confidently used to extract
profile information about periodic samples with unknown
morphologies.
Regarding transmission calculations, although the DT gives
a reasonable account of the spin-echo data, alternative
theories that are easier and faster to calculate might be a
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better option, which leads us to the other set of implications,
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that explains the scattering data based on the phase modification of the neutron beam within the scattering potential of
the sample. The theory, however, is not a suitable model to
describe grazing-incidence neutron reflection from our periodic structures. The coincidence that good fits of the POA to
the data can be found with parameters that do not resemble
the real parameters of the studied sample is a serious concern,
making it difficult to know when the theory can be trusted for
the extraction of sample dimensions other than the grating
period.
We are currently investigating the accuracy of the POA, as
well as other approximate theories such as various forms of
the distorted-wave Born approximation, over ranges of
parameter variations and in different scattering configurations. For these studies the DT simulations will be used as the
assumed universally correct results. Comparisons and
conclusions will be presented in due course.
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