Recent Results and Future Plans
Generation of gauge configurations with the highly improved HISQ action: Although our library of asqtad gauge ensembles is enabling the accurate determination of a wide range of physical
quantities [1], there are a number of important calculations, particularly those related to tests of
the standard model, that require greater accuracy than it can provide. For this reason, we have
undertaken to generate a new library of gauge configurations using the Highly Improved Staggered Quark (HISQ) action developed by the HPQCD Collaboration [2]. Tests by HPQCD [2]
and our own group [3] indicate that lattice spacing artifacts for the HISQ action are reduced by
approximately a factor of 2.5 from those of the asqtad action for the same lattice spacing, and taste
splittings in the pion masses are reduced sufficiently to enable us to undertake simulations with the
Goldstone pion at or near the physical mass of the pion [3]. (“Taste” refers to the different ways
one can construct the same physical particle in the staggered quark formalism. Although particles
with different tastes become identical in the continuum limit, their masses can differ at finite lattice
spacing). The reduction in taste splitting in going from the asqtad to HISQ configurations is shown
in Fig. 1. In addition, the improvement in the quark dispersion relation enables us to include charm
sea quarks in the simulations.

Figure 1: Taste splitting of pions for asqtad (blue) and HISQ (red) actions. For clarity, the HISQ
splittings are also enclosed in dashed-dotted boxes, and nearly degenerate masses have been displaced slightly in the horizontal direction. Differences between the squared masses of various taste
pions and that of the Goldstone pion are shown in units of the Sommer parameter r1 , and plotted
versus the expected leading dependence of taste violations in the theory, α2S a2 , also in r1 units.
Here, we use αS = αV at scale q∗ = 2/a. The two diagonal lines are not fits, but merely lines with
slope 1, showing the expectation if the splittings are linear in α2S a2 . The vertical line at the upper
left shows the displacement associated with a factor of three in splittings.
We are generating HISQ gauge ensembles with four flavors of quarks: up, down, strange, and
charm. For most ensembles, we tune the strange and charm quark masses, ms and mc , to be as
close as possible to their physical values and take the up and down quarks to be degenerate with
a common mass ml , which has an effect of less than 1% on isospin-averaged quantities. We are
generating ensembles with three values of the light quark mass: ml /ms = 1/5, 1/10 and the value for
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Figure 2: Topological susceptibility vs. taste-singlet pion mass squared in units of r0 , comparing
results from five HISQ ensembles (filled symbols) with those from asqtad ensembles (open symbols). Solid curves are from a joint chiral/continuum fit to the asqtad data. The lowest (black)
curve is the resulting continuum extrapolation of the asqtad fit with two representative points displaying the extrapolation errors. The (red) dot-dashed curve shows the leading order prediction in
chiral perturbation theory. The (green) arrow above the (green) 0.12 fm asqtad curve indicates the
asqtad point with a light quark mass comparable to that of the upper solid (green) HISQ square.
Similarly, the (blue) arrow above the (blue) 0.09 fm asqtad curve indicates the asqtad point with
a light quark mass comparable to the upper solid (blue) HISQ octagon, and the (red) arrow below
the (red) 0.06 fm asqtad curve locates the asqtad point with a light quark mass comparable to the
solid (red) HISQ diamond.
which the Goldstone pion mass is equal to the physical pion mass, which is approximately ml /ms =
1/27. These quark mass values correspond to Goldstone pion masses of 315 MeV, 222 MeV and
135 MeV, respectively. We have also generated a limited number of ensembles with the strange
quark mass lighter than its physical value in order to aid in chiral extrapolations. The parameters
of the ensembles we are generating in this project, and the number of equilibrated configurations
we currently have in each ensemble, are shown in the link HISQ Lattice Generation. Detailed
properties of the ensembles and the simulations which created them are given in Ref. [4]. We
measure the static quark potential, the leptonic decay constants of π, K, D and Ds mesons, and the
light and charm hadron spectra on these configurations as they are generated. In addition to being
important in their own right, these measurements are needed to tune the lattice spacing and quark
masses of the ensembles, and to monitor the progress of the runs. We determine the lattice spacing
both by using the the f p4s scale [4, 5] and the gradient flow [6].
The topological susceptibility provides a particularly stringent test of the HISQ gauge configurations because it is computed from them without involving valence quarks. Thus, comparison of the
topological susceptibility on the asqtad and HISQ configurations directly tests whether the change
in sea quark action leads to the expected improvement in the gauge configurations. Figure 2 shows
the topological susceptibility for most of the asqtad ensembles, as well as for HISQ ensembles with
light quark mass ml = ms /5 and lattice spacings a ≈ 0.12, 0.09 and 0.06 fm, and light quark mass
ml ≈ ms /27 and a ≈ 0.12 and 0.09 fm. Note that the HISQ points with a ≈ 0.12, 0.09 and 0.06 fm
are near the asqtad curves with a ≈ 0.09, 0.06 and 0.045 fm, respectively. The HISQ points are to
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the left of the corresponding asqtad points because the horizontal axis is the mass of the taste singlet pion (the heaviest pion taste), and the reduction in taste symmetry breaking moves the HISQ
points to the left. It is the decrease of the susceptibility for the HISQ configurations relative to
those of the asqtad configurations that represents the improvement in the gauge configurations.
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Figure 3: Comparison of our latest results for the leptonic decay constants fD and fDs (left panel)
and for the quark mass ratio ms /ml (right panel) with earlier lattice calculations [8]. Results are
grouped by the number of flavors of sea quarks from top to bottom: N f = 2 (green diamonds),
N f = 2 + 1 (blue circles), and N f = 2 + 1 + 1 (purple squares). Within each grouping, the results
are in chronological order. Our new results are denoted by magenta pluses and labeled ”This
work”.
Light pseudoscalar mesons and quark masses: The computation of properties of light pseudoscalar mesons offers a unique opportunity to check lattice methods to high precision and to
calculate phenomenologically important physical quantities that are difficult or impossible to obtain with controlled errors by other methods. As noted above, we are measuring the masses and
leptonic decay constants of π, K, D+ and Ds mesons, the heavy quark potential, and the light,
strange and charm hadron spectra on the HISQ configurations as we generate them. Our first result
from the physical quark mass HISQ ensembles came from a study of the leptonic decay constants
of the K and π mesons [7]. In this work we determined fK + / fπ+ to a precision of 0.4%, later
improved to 0.2% with the addition of more configurations [8]. Combining this result with recent
experimental data for the leptonic branching fractions, and the value of the CKM matrix element
|Vud | determined from nuclear beta decay, enabled us to calculate the CKM matrix element |Vus |,
and to check the unitarity of the first row of the CKM matrix at the 10−3 level.
With our colleagues in the Fermilab Lattice Collaboration we also used data from the pseudoscalar
measurement code to calculate the leptonic decay constants of the D+ and Ds mesons, fD+ and
fDs , and to determine ratios of a number of quark masses. Some of the key results are:
fK / fπ = 1.1957 ± 0.0027
+1.0
fD+ = 212.3 −1.2
MeV

+1.0
fDs = 248.7 −1.5
MeV
mc /ms = 11.74 ± 0.06
ms /ml = 27.37 ± 0.12

In Fig. 3 we compare some of these results to previous lattice calculations.
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It is also possible to determine |Vus | by calculating the vector form factor at zero recoil for the
semileptonic decay K → π`ν. We and our Fermilab colleagues have used our HISQ gauge configurations for this purpose [9]. The current status of this calculation is shown in Fig. 4.
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Figure 4: The form factor at zero recoil f+ (0) as a function of the light-quark mass. Different
symbols and colors denote different lattice spacings, and the corresponding colored lines show the
chiral interpolation at fixed lattice spacing. The solid black line is the interpolation in the lightquark mass, keeping ms equal to its physical value, and turning off all discretization effects. The
turquoise error band includes statistical, discretization, and higher order chiral errors.
We and our Fermilab colleagues are in the process of extending our work on leptonic decay constants to B and Bs mesons. The major improvements we obtained for the decay constants of the
D and Ds mesons was made possible by the use of the HISQ action for charm-quarks; however,
we can make use of the HISQ action to describe b-quarks on the lattice only for amb < 0.9 if we
are not to encounter large finite lattice spacing artifacts. The a ≈ 0.042 and 0.03 fm ensembles
meet this requirement, and will therefore play an important role in the analysis. For larger lattice
spacings, we follow the suggestion of the HPQCD Collaboration [10] to perform calculations with
a range of heavy-quark masses lighter than the b-mass, and extrapolate to the physics point. Very
promising preliminary results were presented at Lattice 2015, and are illustrated in Fig. 5.
Weak decays of particles containing heavy quarks: At SLAC, KEK and Fermilab, a concerted
experimental effort has been made to determine elements of the Cabibbo-Kobayashi-Maskawa
(CKM) matrix through studies of the mixings and decays of B mesons. In addition, the properties
of D mesons have been measured to high accuracy in the CLEO-c Program at Cornell. Work in this
area continues in the LHCb and BES experiments. One hopes that by tightly over–constraining
the CKM matrix elements, the range of validity of the standard model will be determined, and
new physics beyond it will be discovered. However, the experimental results do not, in general,
determine the CKM parameters without lattice calculations of the effects of the strong interactions.
Our group and the Fermilab Lattice Collaboration are involved in an extensive joint study of the
decays of pseudoscalar mesons with one light and one heavy quark. The main subjects of our
work are B, Bs , D, and Ds mesons. We are studying both leptonic and semileptonic decays and
the mixing between the neutral B and Bs mesons and their antiparticles. Strong interaction effects
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Figure 5: Illustration of heavy-quark discretization effects. Left panel: heavy-strange meson mass
in units of Fp4s , which is approximately 154 MeV, versus the ratio of the heavy-quark mass to the
simulation charm quark mass mh /m0c for three lattice spacings at physical sea-quark masses. The
small differences in the heavy-strange mass for different lattice spacingsp
gives an indication of the
heavy-quark discretization error. Right panel: the quantity ΦHq = fHq MHq , where fHq is the
leptonic decay constant and MHq the mass the heavy-light meson, plotted in units of Fp4s versus
the heavy-strange meson mass MHs for three lattice spacings and the continuum extrapolation. In
both panels the dashed vertical lines indicate the cut amh = 0.9 for each lattice spacing. Finite
lattice spacing effects in the decay constant increase dramatically for large amh , so we drop data
with amh > 0.9, and parameterize the heavy-quark mass dependence in our fits at smaller values
with the help of heavy-quark effective theory.
in leptonic decays are characterized by the decay constants fB , fBs , fD , and fDs . Semileptonic
decays are characterized by various form factors f (q2 ), where q is the momentum transferred to
the leptons, and the mixing of neutral B and Bs mesons with their antiparticles by bag parameters
BB and BBs . CLEO-c provided precise measurements of the D and Ds leptonic and semileptonic
decays. Comparisons of lattice and experimental results have provided an opportunity to validate
our approach, and insure that we do, in fact, have full control over systematic errors. The successful
predictions of the leptonic decay constants fD and fDs [11] and the shape and normalization of the
semileptonic form factors for D mesons [12] by us and our Fermilab collaborators were important
steps in this process. Since these initial calculations, steady progress has been made.
We have completed a study of mixing of neutral B and Bs mesons with their antiparticles using
our asqtad ensembles with Fermilab heavy valence quarks [13, 14]. In this work have determined
the SU(3)-breaking ratio,
which measures
the difference between the mixing parameters in the B0s
p
p
and B0d systems, ξ ≡ fBs BBs / fBd BBd to approximately 1.5%, the most precise measurement to
date. Our determinations of the CKM matrix elements |Vtd | and Vts | from this calculation differ
from CKM-unitarity expectations by up to 3σ. These results and others from flavor-changingneutral currents point towards an emerging tension between weak processes that are mediated at
the loop and tree levels.
The BaBar Collaboration recently performed the first measurement of the exclusive semi-leptonic
decay B → Dτ− ν̄, finding R(D) ≡ BR(B → Dτν)/BR(B → D`ν) = 0.440(58)(42) [15], which is
about two standard deviations away from previous theoretical expectations. This quantity is sensitive to beyond-the-standard-model physics, so it is important to solidify the theoretical calculations.
Using lattice matrix elements already computed by us for other projects, we were able to evaluate
the combination of form factors relevant to this decay, resulting in the first calculation in full QCD
of the branching ratio R(D) [16]. We found R(D) = 0.316(12)(7), where the errors are statistical
and total systematic, respectively. This result has recently been updated to R(D) = 0.299(11) in the
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course of our study of the reaction B̄ → D`ν̄ [17], which is 2 σ below the BaBar measurement [15]

We and our Fermilab collaborators have also calculated the SU(3) violating ratio of form fac−
tors for the semileptonic decays B̄0 → D+ `− ν̄ and B̄0s → D+
s ` ν̄ [18]. This ratio, in combination
with experimentally measured branching fractions for semileptonic and non-leptonic B decays,
can determine the ratio of fragmentation functions fs / fd [19], which in turn allows experimental
measurement of the rate for the decay B0s → µ+ µ− . The latter decay is very interesting phenomenologically because it occurs only at the loop level in the standard model and, therefore is a sensitive
(s)
(d)
probe of physics beyond the standard model. We find: f0 (Mπ2 )/ f0 (MK2 ) = 1.046(44)stat (15)syst .
The ratio is consistent with (d ↔ s) symmetry in contrast to an earlier estimate from QCD sumrules [20]. Our result should significantly increase the sensitivity of the B0s → µ+ µ− measurements.

We and our Fermilab collaborators have recently completed a calculation of the zero-recoil form
factor for the semileptonic decay B̄0 → D∗+ `− ν̄ [21]. Our result leads to a determination of the
CKM matrix element |Vcb | in which the QCD error is now commensurate with the experimental error. We have also recently calculated the form factors for the decays B̄ → D`ν̄ [17], B̄ → π`ν [22],
B → π`` [23], and B → K`` [24]. All of this work was performed on asqtad gauge configurations, and we are in the process of extending it to HISQ configurations which we expect to yield
considerably more precise results.
Electromagnetic contributions to the up and down quark masses: The fundamental parameters
of QCD are the strong coupling constant αS , and the masses of the quarks. The values of αS , and of
the charm and bottom quark masses, mc and mb have been determined both from lattice calculations
in the strong coupling regime, and from perturbative calculations in the weak coupling regime. (In
both cases experimental data is coupled with theoretical calculations to obtain the final results).
The lattice and perturbative calculations agree, and are of similar precision. On the other hand, the
masses of the three lightest quarks, the up, down and strange, mu , md , and ms respectively, can be
obtained with controlled errors only from lattice calculations. We have recently obtained the mass
ratios ms /ml and mc /ms to a precision of better than one-half a percent. Here the light quark mass
ml = (mu + md )/2. These results, coupled with the high accuracy determination of mc , enable one
to obtain ms and ml .
We are currently working on a calculation of the mass ratio mu /md . A precise determination of
this ratio, coupled with our current knowledge of ml will yield high precision results for mu and
md individually, completing the program of calculating the quark masses on the lattice.
Our QCD calculations yield very precise values of mu , md , and ms in a fictitious world without
electromagnetic interactions. To obtain the latter from real world data, one must determine the
electromagnetic contributions to the masses of the the π and K mesons. The largest error in our
current evaluation of mu /md comes from uncertainties in the size of these electromagnetic contributions, especially for the K mesons. These effects also give significant errors to other quark
mass ratios and to the quark masses themselves. Until recently, the electromagnetic contributions
had to be taken from continuum phenomenology. A conservative interpretation of the errors in the
continuum calculations results in a 20% error for mu /md , and even a rather aggressive interpretation leaves a 10% error [25]. However, this problem can be addressed directly on the lattice by
including electromagnetic effects in the simulations.
A first step is to treat the electromagnetic field in the quenched approximation. In this approximation, photons only couple to the explicit “valence” quarks inside a hadron, and do not couple to
virtual quark-antiquark pairs. In other words, the quarks in virtual quark-antiquark pairs are taken
to be electromagnetically uncharged. Fortunately, it turns out [26] that, through next-to-leading
order (NLO) in chiral perturbation theory, the meson mass differences relevant to mu /md can be
computed using a quenched electromagnetic field without the uncontrolled systematic errors usually associated with quenching. This fact enables us to use our existing QCD gauge configurations,
and to independently generate electromagnetic field configurations neglecting the back reaction of
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Figure 6: Energy levels from the variational calculation of the X(3872). The horizontal green
lines locate the non-interacting D(0)D∗ (0) and D(−1)D∗ (1) levels (at the two lowest discrete
momenta). Left column contains the unmixed χc1 (1P) and χc1 (2P) states. The middle column has
shows the mixed cc and DD∗ states resulting in the X(3872) and a DD∗ scattering states. The right
column contains the unmixed D(0)D∗ (0) and D(−1)D∗ (1) states. The lower blue bar represents
the X(3872) with a binding energy relative to the DD̄∗ threshold of 13(6) MeV with our unphysical
lattice parameters.

sea quarks.
We are in the process of completing a computation with quenched QED and the asqtad QCD
ensembles with lattice spacings ranging from 0.15 fm to 0.045 fm, and light quark masses down
to 1/20 of the strange quark mass [27, 28, 29, 30]. The goal of the computation is a determination
of the parameter ε, which relates the EM splitting of the kaons to that of the pions: ∆MK2 = (1 +
ε)∆Mπ2 . Our preliminary result is ε = 0.73(14), which results in an uncertainty in mu /md due to
electromagnetic effects of about 2.5%. Although this is a gratifying reduction from the 10% error
obtained with phenomenological estimates, electromagnetic effects remain the dominant error, by
a wide margin, in our determination of mu /md . We therefore plan to extend this calculation to the
HISQ gauge configurations.
We expect use of the HISQ configurations to provide a major reduction in errors because of their
smaller discretion effects, their nearly vanishing chiral extrapolation errors, the use of ensembles
with physical quarks masses, and smaller finite-volume effects.
Quarkonium: Heavy quarks and antiquarks (charm and bottom) form bound states analogous to
positronium — hence the name “quarkonium”. Since their discovery in the 1970’s, many dozens of
states of charmonium and bottomonium have been studied experimentally. Below the open charm
or open bottom threshold energy — the threshold for decay into pairs of mesons consisting of a
heavy quark and light antiquark, the states have small measured widths, and provide exacting tests
of our theoretical ability to make high precision predictions of the properties of states involving
heavy quarks. Higher states are found, but their interpretation in quark-model language is uncertain. Some may be “hybrid exotics”, states that include a valence gluon in addition to a valence
quark and antiquark. Their existence has yet to be confirmed. Lattice QCD is the only ab initio
tool for guiding the classification of these and other mysterious states.
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We are completing a major study of charmonium using Fermilab quarks [32]. Analysis of the final
results is still underway; however, it is already clear that our use of improved stochastic sources and
a larger set of interpolating operators is providing a much cleaner spectrum than we had obtained
in earlier work. We plan to extend our study to bottomonium working with the new set of HISQ
gauge configurations. As we have demonstrated with charmonium, we expect that we will greatly
improve statistical accuracy compared with our previous study [33]. There are three sources of
improvement: (1) For the first time we will include calculations at physical values of all the sea
quark masses, thus reducing errors coming from the chiral extrapolation. (2) Our interpolating
operators will be constructed from random sources, thus making full use of the lattice volume. (3)
Our lattice volumes are larger than before, effectively increasing the statistical sample size.
We are also in the process of carrying out a study of the X(3872) meson. The X(3872) is a wellestablished charmonium state that cannot be explained in the conventional quark model. Since it
appears very close to the DD̄∗ – D̄D∗ meson threshold (very weakly bound), it has been suggested
that it is a tetraquark or a molecular state consisting of charm and anticharm quarks plus a light
quark-antiquark pair. Lattice QCD is the only ab initio method for testing whether QCD can
explain the existence of this state and provide insights into its nature. To succeed, it is necessary to
use an interpolating operator basis that includes operators that generate a charm quark/antiquark
pair (c̄c) as well as operators that contain explicit D and D∗ mesons (DD∗ ). In the first phase of
this work we used the HISQ ensemble with a ≈ 0.15 fm and ml = ms /5 to confirm the result of
the Slovenia group [34] that mixing between the c̄c and DD∗ channels can yield a state with the
properties of the X(3872), as is shown in Fig. 6. In the second phase of our study we are using an
ensemble with the same lattice spacing and physical sea quark masses to investigate whether this
state survives in a more realistic calculation.
We are also undertaking an exploratory study of charmonium using the HISQ formalism for the
charm valence quarks, which promises even higher precision in determining charmonium levels.
This study will be the first of its kind to use a large variational basis set. We have also begun
an exploratory charmonium study including a DD̄∗ open charm interpolating operator to see if it
improves the calculation.
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